MOTIVES OF AZUMAYA ALGEBRAS 
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Abstract. We study the slice filtration for the iC-theory of a sheaf of Azu- 
maya algebras A, and for the motive of a Severi-Brauer variety, the latter in 
the case of a central simple algebra of prime degree over a field. Using the 
Beilinson-Lichtenbaum conjecture, we apply our results to show the vanishing 
of SK2{A) for a central simple algebra A of square-free index. 
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Introduction 

Vocvodsky [40] has defined an analog of the c;lassical Postnikov tower in the 
setting of motivic stable homotopy theory by replacing the classical suspension 
E := 5^ A — with t-suspension S( := P-^ A — ; we call this construction the motivic 
Postnikov tower. In this paper, we study the motivic Postnikov tower in the cat- 
egory of 5^-spectra, SHs^ik), and its analog in the category of effective motives, 
DM^^^{k). We concentrate on objects arising from a central simple algebra A over 
a field k. In the setting of S^-spectra, we look at the presheaf of the if-theory 
spectra K"^: 

Y ^ K^(Y) := K{Y;A), 

where K{Y; A) is the iiT-theory spectrum of the category of Oy <8>fc ^-modules 
which arc locally free as Cy-modules. For motives, we study the motive M{X) G 
DM''-^ ^ {k), where X is the Severi-Brauer variety of A. In the case of the Severi- 
Brauer variety, we arc limited to the case of A having prime degree. 

Of course, K"°^ is a twisted form of the presheaf ii' of ii'-theory spectra Y hh. K{Y) 
and X is a twisted form of a projective space over fc, so one would expect the layers 
in the respective Postnikov towers of and M(X) to be twisted forms of the 
layers for K and M(P"). The second author has shown in [18] that the nth layer 
for K is the Eilenberg-Maclane spectrum for the Tate motive Z(n)[2n]; similarly, 
the direct sum decomposition 

M(P^) = ©,loZ(n)[2n] 

shows that nth layer for M(P^) is Z{n)[2n] for < n < iV, and is for n outside 
this range. The twisted version of Z(n) turns out to be ZA{n), where Za C Z is 
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the subsheaf of the constant sheaf with transfers having value Za{Y) C '^{Y) — Z 
equal to the image of the reduced norm map 

Nrd : Ko{A ®fe k{Y)) ^ Ko{k{Y)) = Z. 

Here Y is any smooth irreducible scheme over k. Letting s„ and s™°* denote the n 
layer of the motivic Postnikov tower in SHs^ik) and DM^^^ (k), respectively, and 
letting EM : DM''^^{k) SHs^ik) denote the Eilenberg-Maclane functor [27], 
our main results are 

Theorem 1. Let A he a central simple algebra over a field k. Then 

Sn{K^)=EM{ZA{n)[2n]) 

for all n > 0. 

Theorem 2. Let A be a central simple algebra over a field k of prime degree i, 
X := SB (A) the associated Severi-Brauer variety. Then 

sr*(M(X))=Z^«„+i(n)[2n] 

for < n < i — 1, otherwise. 

See theorems 4.5.5 and 5.4.2, respectively, in the body of the paper. 
Since SnK^ and s™°*M(X) are the layers in the respective motivic Postnikov 
towers 

. . . ^ fn+iK^ ^ fuK^ ^ . . . ^ foK^ = 
= fY'°*M{X) f}^fM{X) ^ . . . ^ f^°*M{X) = M{X) 
our computation of the layers gives us some handle on the spectral sequences 
E^'" := 7r_p_,(s_,i^^(F)) =^ t:.^.^K\Y) 

and 

El'" := W+^iY, s"J°'M{X){n)) =^ W+"{Y, M{X){n)) 
arising from the towers. In fact, we use a version of the first sequence to help 
compute the layers of M{X). Putting in our computation of the layers into the 
ii'^^-spectral sequence gives us the spectral sequence 

EP,, := HP-"iY,ZAi-q)) =^ K^p^,iY;A) 

generalizing the Bloch-Lichtenbaum/Friedlander-Suslin spectral sequence from mo- 
tivic cohomology to i^-theory [6, 10]. In particular, taking Y = Specfc, we get 

K,{A) = H\k,ZA{l)) 

and for A of square-free index 

K2{A) = H\k,ZA{2)). 

See theorem 4.7.1 and theorem 4.8.2 . 

To go further, we must use the Beilinson-Lichtenbaum conjecture. Recall that it 
is equivalent to the Milnor-Bloch-Kato conjecture relating Milnor's JT-theory with 
Galois cohomology [36], [12]. It seems to be now a theorem (sec [44]), thanks to 
work of Rost and Voevodsky; accepted proofs are certainly that of Merkurjev and 
Suslin in the special case of weight 2 [25] and that of Voevodsky at the prime 2 (in all 
weights) [41]. Since this seems important to some people, we shall specify in what 
weights we need the Beilinson-Lichtenbaum (or Milnor-Bloch-Kato) conjecture for 
our statements. 
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We thus use our knowledge of the layers of M{X), together with the Beilinson- 
Lichtenbaum conjecture, to deduce a result comparing HP{k, ZA{q)) and HP{k, Z(g')) 
via the reduced norm map 

Nrd : HP{k,ZA{q)) ^ HP{k,Z{q)), 

this just being the map induced by the inclusion C Z. By identifying Nrd with 
the change of topologies map from the Nisnevich to the etale topology (using the 
fact that ZA{ny*' = Z(n)'**), a duality argument leads to 

Corollary 1. Let A he a central simple algebra of square-free index e over k. Let 
n > and assume the Beilinson-Lichtenbaum conjecture in weights < n + 1 at all 
primes dividing the index of A. Then 

Nrd : HP{k,ZA{n)) HP{k,Z{n)) 

is an isomorphism for p <n, and we have an exact sequence 

^ H^{k,'LA{n)) ^ H''{k,Z{n)) ~ K^{k) 

^ H2+'ik,Z/ein+l)) ^ H2+^{k{X),Z/e{n+l)). 

Here [A] e H^i{k, Z(l)) = H?^{k, Gm) is the class of A in the Brauer group of k, 
and the map Ll[A] is shorthand for the composition 

H^{k,Z{n)) ^ Hl{k,Z{n)) ^ H2+\k,Z{n + I)) 

(note that this cup-product map lands into e-ff"t^^(fc,Z(n+ 1)) ~ H?^'^{k,Z/e{n + 
1)), the latter isomorphism being a consequence of the Beilinson-Lichtenbaum con- 
jecture in weight n + 1.) 

See theorem 6.2.2 in the body of the paper for this result. 

Combining this result with our identification above of Ki{A) and K2{A) as 
"twisted Milnor ii'-thcory" of fc, wo have (sec theorem 6.2.2) 

Corollary 2. Let A be a central simple algebra over k of square-free index. Then 
the reduced norm maps on Kq{A), Ki{A) and K2{A) 

nvd:K^{A)^ K^{k); n = 0,l,2 

are injective; in fact, we have an exact sequence 

^ Kn{A) ^ Kn{k) = ff"(fc,Z(n)) 

^ Hl+\k,Z/e{n+l)) ^ Hl+\k{X),Z/e{n + l)) 

for n = 0, 1, 2. (For n = 2 we need the Beilinson-Lichtenbaum conjecture in weight 
3.) 

The injcctivity of Nrd on Ki{A) is Wang's theorem [43], and it was proved for 
K2{A) and A a quaternion algebra by Rost [31] and Merkurjev [24]. They used it 
as a step towards the proof of the Milnor conjecture in degree 3; conversely, the 
Milnor conjecture in degree 3 was used in [15, proof of Th. 9.3] to give a simple 
proof of the injectivity in this case. This proof was one of the starting points of the 
present paper. 

For n = 0, the exact sequence reduces to Amitsur's theorem that ker(i?r(fc) 
Br{k{X)) is generated by the class of A [1]. For n = 1, the exactness at Ki{k) is 
due to Merkurjev-Suslin [25, Th. 12.2] and the exactness at if|^(fc, Z/e(2)) could 
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be extracted from Suslin [35] . For n = 1 and A a quaternion algebra, the exactness 
at i?|j(fc,Z/2) is due to Arason [2, Satz 5.4]. For n = 2 and a quaternion algebra, 
it is due to Merkurjev [23, Prop. 3.15]. 

The injectivity for K2{A) with A of arbitrary square- free index has also been 
announced recently by A. Merkurjev (joint with A. Suslin); their method also relies 
on the Beilinson-Lichtenbaum conjecture, using it to give a computation of the 
motivic cohomology of the "Cech co-simplicial scheme" C{X). 

We begin our paper in section 1 with a quick review of the motivic Postnikov 
tower in SHs^{k) and DM'^^^ {k), recalling the basic constructions as well as some 
of the results from [18] that we will need. In section 2 we recall some of the first 
author's theory of hirational motives^ as well as pointing out the role these motives 
play as the Tate twists of slices of an arbitrary t-spectrum. We proceed in section 3 
to define and study the special case of the birational motive arising from a 
central simple algebra A over fc; we actually work in the more general setting of a 
sheaf of Azumaya algebras on a scheme. In section 4 we prove our first main result: 
we compute the slices of the "homotopy coniveau tower" for the G-theory spectrum 
G{X; A), where ^ is a sheaf of Azumaya algebras on a scheme; X . This result relies 
on some regularity properties of the functors Kp{—,A) which rely on results due 
to Vorst and generalized by van der Kallen; we collect and prove what we need in 
this direction in the appendix B. We also recall some basic results on Azumaya 
algebras in the appendix A. Specializing to the case in which X is smooth over a 
field k and A is the pull-back to X of a central simple algebra A over k, the results 
of [18] translate our computation of the slices of the homotopy coniveau tower to 
give theorem 1. 

We also give in Subsection 4.9 a construction of homomorphisms from SKi and 
SK2 of a central simple algebra A to quotients of etale cohomology groups of k, in 
the spirit of an idea of Suslin [34, 33], albeit with a very difi^erent technique (for 
SK2 we need the Beilinson-Lichtenbaum conjecture in weight 3). 

We turn to our study of the motive of a Scvcri-Brauer variety in section 5, prov- 
ing theorem 2 there. We conclude in section 6 with a discussion of the reduced 
norm map and the proofs of corollaries 1 and 2. 

Acknowledgements. The first author would like to thank Philippe Gille for 
helpful exchanges about Azumaya algebras and Nicolas Perrin for an enlightening 
discussion about the Riemann-Roch theorem. We also thank Wilberd van der 
Kallen for helpful comments. This work was begun when the second author was 
visiting the Institute of Mathematics of Jussieu on a "Poste rouge CNRS" in 2000, 
for which visit the second author expresses his heartfelt gratitude. In addition, 
the second author thanks the NSF for support via grants DMS-9876729, DMS- 
0140445 and DMS-0457195, as well the Humboldt Foundation for support through 
the Wolfgang Paul Prize and a Senior Research Fellowship. 

1. The motivic Postnikov tower in SHs^ik) and DM^^^{k) 

In this section, we assume that A; is a perfect field. We review Voevodsky's 
construction of the motivic Postnikov tower in STi{k) and SHs^ (k), as well as the 
analog of the tower in DM^^ ^ {k). We also give the description of these towers in 
terms of the homotopy coniveau tower, following [18], and recall the main results 
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of [18] on well-connected theories and on various generalizations of Bloch's higher 
Chow groups to higher Chow groups with coefficients. 

1.1. Constructions in stable homotopy theory. We start with the unsta- 
ble A"'^ homotopy category over k, H{k), which is the homotopy category of the 
category PSh{k) of pointed prcshcaves of simplicial sets on Sm/k, with respect to 
the Nisnevich- and A^-local model structure (see 0stvaer-R6ndigs [27]). We let T 
denote the pointed presheaf (P^, oo), and St the operation of smash product with 
T. 

SHsi (k) is the homotopy category of the model category Spt 51 (k) of presheaves 

of spectra on Sm/fc, where the model structure is given as in [27]. SH{k) is the 
homotopy category of the category SptT(A;) of T-spectra, where we will take this 
to mean the category of T-spectra in Spt5i(fc), that is, objects are sequences 

£ := {Eo, El,. . .) 

with the En € Spt5i(A;), together with bonding maps 

Cn : ^rEn En+i 

We give Sptj.{k) the model structure of spcctnun objects as defined by Hovey [13]. 

St (on both Sptgi(fc) and SptT(A;)) has as a right adjoint the T-loops functor 
SIt, which passes to the homotopy categories by applying Qt to fibrant models. 
Concretely, for E G Spt 51 (fc) we have 

ftrEiX) := fih{E{X x P^) ^ E(X x 00)). 

Note that St is an equivalence on SH{k), with inverse Ot, but this is not the case 
on SHsi (k). 

1.2. Postnikov towers for T-spectra and S'^-spectra. Voevodsky [40] has de- 
fined a canonical tower on the motivic stable homotopy category SH{k), which we 

call the motivic Postnikov tower. This is defined as follows: Let ST-C^^ [k) C S'H{k) 
be the localizing subcategory generated by the T-suspension spectra of smooth k- 
schemes, S^X+, X e Sm/fc. Acting by the equivalence St of SH{k) gives us the 
tower of localizing subcategories 

• • • C El^+^Sn'^fik) c S^5H'=-^^(/c) C • • • C SHik) 

for n G Z. Voevodsky notes that the inclusion i„ : Y^^STif'^ ^ [k) S7i{k) admits 
a right adjoint r„ : SH{k) YiVj.S'W^^ (k); let /„ := i„ o r„ with counit /„ id. 
Thus, for each £ G S'H{k), there is a canonical tower in SH{k) 

(1.2.1) . . . ^ fn+l£ -^fn£^...^£ 

which we call the motivic Postnikov tower. The cofiber s„£ of fn+i£ fn£ is the 
nth slice of £. 

Voevodsky also defined the motivic Postnikov tower on the category of S^- 
spectra, using the T-suspcnsion operator as above to define the localizing sub- 
categories Tij-ST-Ls^ik), n > 0, 

• • • c S^+i5Hsi (fc) c S?;5Hsi (fc) c • • • c SHs^ (fc), 

with right adjoint r„ : SHs^ik) T,J^SHsi{k) to the inclusion. This gives the 
T-Postnikov tower for S^-spectra 

(1.2.2) . . . ^ fn+lE ^fnE^...^foE = E. 
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One difference from the tower for T-spectra is that the tower terminates at 
foE = E, whereas the tower for T spectra is in general infinite in both directions. 

We write fn/n+rE for the cofiber of fn+rE fnE; for r = 1, we use the notation 
Sn ■= fn/n+1 to denote the nth slice in the Postnikov tower. We will mainly be 
using the tower, so the overlap in notations with the tower in SH{k) should not 
cause any confusion. 

We have the pair of adjoint functors 

respecting the two Postnikov towers. In addition, we have 

St ° fn — fn+l ° St 
° fn+l = fn°^T 

for T-spectra (and all n) and 

(1.2.3) O fn+l =fnO^T 

for S^-spectra (for n > 0). The identities for T spectra follow from the fact that 
St is an equivalence, while the result for 6'^-spectra is more difficult, and is proved 

in [18, theorem 7.4.2]. 

Remark 1.2.1. The identity /„ o ^tE = Q.t o fn+iE for an spectrum E gives 
by adjointness a map (in SHs^ik)) 

■ ^rfn^rE fn+iE 

which is not in general an isomorphism. If however E = Q^S for a T-spectrum 
£ e S'H{k), then the isomorphism 

^rfn^T^ — fn+l^T^T^ — fn+l£ 

passes to E, showing that ^E,n is an isomorphism for all n. 

1.3. Postnikov towers for motives. There is an analogous picture for motives; 
we will describe the situation analogous to the S^-spectra. The corresponding 
category of motives is the enlargement DM^^^ {k) of DM^^ (k). We recall briefly 
the construction. 

The starting point is the category SmCor{k), with objects the smooth quasi- 
projective fc-schemes Sm/fc, and morphisms given by the finite correspondences 
Cork{X,Y), this latter being the group of cycles on X XkY generated by the 
integral closed subschemes W C X x^Y such that W ^ X is finite and surjective 
over some component of X. Composition is by the usual formula for composition 
of correspondences: 

W' o W ■.= pxz*{p*xYiW) ■p*YziW')). 

Sending / : X — > y to the graph Ff C X x^Y defines a functor m : Sm/fc 

SmCor{k). 

Next, one has the category PST{k) of presheaves with transfer, this being simply 
the category of presheaves of abelian groups on SmCor{k). Restriction to Sm/fc 
gives the functor 

m* : PST{k) PSh{Sin/k); 
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we let 5/iNis(fc) C PST{k) be the Ml subcategory of P such that m*{P) is a 
Nisnevich sheaf on Sm/fc. Such a P is a Nisnevich sheaf with transfers on Sm/k. 

The inclusion Sh-i^ig{k) PST{k) has as left adjoint the sheafification functor. 
PST{k) is an abelian category with kernel and cokernel defined pointwise; as usual, 
Sh%^^{k) is an abelian category with kernel the presheaf kernel and cokernel the 
sheafification of the presheaf cokernel. 

Recall that the category DMj^^ (k) is the full subcategory of the bounded above 
derived category D~ [Sh^^g{{k)) with objects the complexes C* for which the hy- 
percohomology presheaves 

are homotopy invariant for all n, i.e., the pull-back map 

eSi,(X,C*)^HSi,(XxAi,C*) 
is an isomorphism for all n and for all X in Sm/fc. 

Definition 1.3.1. DM^^'^'ik) is the fuU subcategory of D(Sh%^^{k)) consisting 
of complexes C such that the hypercohomology presheaves ]HI5^;g(— , C*) are A^ 
homotopy invariant for all n. 

We note that there is a model structure on C{Sh^-^^(k)) for which DM^^^ [k) is 
equivalent to the homotopy category of C{Sh*^^^{k)) (see [8, 27]); we will often use 
this result to lift constructions in DM^^-^{k) by taking fibrant models. Also, we 
have the localization functor 

: D{Sh'^i,{k)) DM^f^ik) 

extending Voevodsky's localization functor 

i?C7^^ : D-{Sh'^i,{k)) DM'l^{k) 

The equivalence of the subcategory of homotopy invariant objects in Z)(5/i^ig(fc)) 
with the localization of D~ {Sh^^^^(k)) is proved in [8, §3.10]. 

We write L{X) for the presheaf with transfers represented by X G Sm/fc; this 
is in fact a Nisnevich sheaf with transfers. We have the Tate object Z(l) defined 
as the image in DM'^^^ (fc) of the complex 

L(P^) ^ L{k) 

with L(pi) in dc grcc z. 

Remark 1.3.2. The inclusion D- {Sh%;^{k)) D{Sh%^^{k)) is a full embedding, so 
Voevodsky's embedding theorem [11, V, theorem 3.2.6], that the Suslin complex 
functor 

i?Cf"" o L : DMfJ{k) DM^J^'ik) 
is a full embedding, yields the full embedding 

i?Cf"^ o L : DMlidk) ^ DM''ff{k) 

For X G Sm/fc wc write M{X) for the image oiL{X) in DM^ff{k). 

The operation of the functor ig)Z(l)[2] on DM^^^ {k) gives the tower of localizing 
subcategories (for n > 0) 

■ • • C DW^^ {k){n + 1) C DM''^f{k){n) C • • • C £»M^-^^(fc) 
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where DM^^f^ {k){n) is the locahzing subcategory of DM'^^^ (k) generated by objects 
M{X){n)[2n], X G Sm/k. Just as for SHs^ik), we have the right adjoint r™°* : 
DM''f^{k) -> DM''f^(k)(n) to the inclusion i^^"*. Thus, for E in DW^^ik), we 
the motivic Postnikov tower in DM'^^ ^ {k) 



(1.3.1) . . . ^ ^ fr'E ^ . . . ^ /o"^°*£; = E 

with /™°* := C°* °C°*. 

One has the pair of adjoint functors 

Mot 

SHs^{k)^^DM''fUk) 

EM 

where EAl is the Eilenberg-Maclane functor, associating to a preshcaf of abehan 
groups the corresponding presheaf of Eilenberg-Maclane spectra, and Mot asso- 
ciates to a presheaf of spectra E := {Eq, Ei,. . .), first of all, the presheaf of singular 
chain complexes 

S'mgE := liinSing.E„[n], 

n 

where the maps Singi?„[n] — > SingiJ„_|_i[n -|- 1] are induced by the bonding maps 
for E and the natural map 

SSingi;„ ^ SingSi;„. 

One then takes the associated freely generated complexes of presheaves with trans- 
fer, i.e. 

Mot := I}'' o Sing. 

These functors respect the two towers of subcategories, and hence commute with 
the two truncation functors /„ and /™°*. It follows from work of Ostva^r-Rondigs 
[27] that the Eilenberg-Maclane functor EM is faithful and conservative. 
In particular, the identity (1.2.3) implies the identity 

(1.3.2) i7T°/;';i = /r*of^T 

for the motivic truncation functors. 

Let E be in SHs^ik), Y e Sm/k axidW CY a closed subset. We let E^{Y) 
denote the homotopy fiber of 

E{Y) E{Y \ W) 

where E is a, fibrant model of E in Spt5i(A;). We make a similar definition for 
G C{PST{k)). If E is homotopy invariant and satisfies Nisnevich excision, 

then the map of the homotopy fiber of E{Y) E{Y \ W) to E^ (Y) is a weak 
equivalence; we will sometimes use this latter spectrum for E'^ (Y) without explicit 
mention. 

Similarly, we lift the hmctors s„, /„ to operations on Sptgi(fc) by taking the 
fibrant model of the corresponding object in SHs^ik); we make a similar lifting to 
CiSh^T^i^ik)) for the functors /™°*, s™°*. 
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1.4. Purity. Let i : W ^ Y he a, closed immersion in Sm/fc such that the normal 
bundle u := Nw/y admits a trivialization f : v. This gives us the Morel- 
Voevodsky purity isomorphism [26, Theorem 2.23] in SH 

(1.4.1) e^^E : E'^iY) ^ {n'!,E){W) 
and the isomorphism on homotopy groups 

(1.4.2) e^,n,E ■■ 7Tr^{E'^{Y)) ^ 7r„ ( (l^^^iJ) (W^)) . 

In general, the O^^n.E depend on the choice of ip. 
For later use, we record the following result: 

Lemma 1.4.1. Let W CY be a closed subset, Y G Sm/k, such that codimi^W > q 
for some integer q>0. 

1. For E G SHs^ik), the canonical map fqE E induces a weak equivalence 

if,E)'^{Y)^ E'^iY) 

2. For T € DM^-^^ (k), the canonical map J- induces a weak equivalence 

(^f^ot-p^w^Y)^J^^{Y) 
Proof. We prove (1), the proof of (2) is the parallel. Note that 

7r„(E^(y)) - Hom5„^,(fe)(E-(y/y \ w),i:--E). 

and similarly for 7r„((/qS)^(r)). 

Suppose at first that W is smooth and has trivial normal bundle inY, v = O^, 
p> q. Then 

s°°(y/y \w)^ s^(s°°w+) 

hence E°°(F/y \ W) is in T,^SHs^{k). In general, since k is perfect, W admits a 
filtration by closed subsets 

= W-i cWq c ... cWn = W 

such that Wn \ Wn-i is smooth and has trivial normal bundle in y \ Wn+i- We 
have the homotopy cofiber sequence 

(y \ w„+i)/(y \ Wn) ^ y/(y \ w„) ^ y/(y \ w„+i) 

so by induction, S°°(y/y \ W) is in T,^SHsi{k). Thus, the universal property of 
fnE ^ E implies 

Hom5w^,(fe)(s-(y/y \ w),j:-^f,E) ^ Homs^^, (fc) (s- (y/y \ w),s-"£) 

is an isomorphism, as desired. □ 

1.5. The homotopy coniveau tower. 

Definition 1.5.1. 1. For X e Sm/fc, and q,n>0 integers, set 

5^«)(n) := {VF c X X A" \W is closed 

and codim^xF^^ Ci X x F > q 
for all faces F c A"} 
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Set 

X^'^\n) := {w € X X A" \w is the generic point of 

some irreducible W G s'^\n)} 

2. For E 6 Sptgi(fc), X S Sm/k and integer q>0, define 

/« {X, n; E) = lim i;'^ (X x A") 

3. For G Sptsi(fc), X e Sm/fc and integer q>0, define 

s«(X,n;E)= lim E^\^' {X x A"" \W') 

wes'-^'>{n) 

For fixed q, n ^ S^j^\n) forms a simplicial set, and n i-^ f'^{X^n; E), n 
s'(X, n; E) form simplicial spectra. We let f'^{X, -; i?) and s'^{X, -; i?) denote the 
respective total spectra. 

For T G C{PST{k)), we make the analogous definition yielding the simplicial 
complexes n ^ /^„j(X,n; J") and n ^ s^„t(X, n; J^); we let *; J") and 

^TOot(^> *>-^) be the associated total complexes. 

Proposition 1.5.2 ([18, theorem 7.1.1]). Take X G Sm/fc and q > an integer. 

Let E G Spt5i(fc) be hornotopy invariant and satisfy Nisnevich excision. Then 
there are natural isomorphisms in SH 

ax,,-E. P{X,-,E)^ f,{E){X) 

Px.^q;E ■.3\X,-;E) ^Sq{E){X) 

Corollary 1.5.3. Take X G Sm/fc andq>Q an integer. Let T G C{PST{k)) be 
hornotopy invariant and satisfy Nisnevich excision. Then there are natural isomor- 
phisms in D{Ah) 

: fLt{X,*;J') ^ fr\^){X) 
(3x,,;^:sl„,{X,*;J^)^s^"*{J^){X) 

Indeed, the corollary follows directly from proposition 1.5.2 by using the Eilen- 
berg-Maclane functor. 

Remarks 1.5.4. 1. The isomorphisms in proposition 1.5.2(1) are natural with re- 
spect to flat morphisms X X' in Sm/k and with respect to maps E ^ E' in 
Spt5i(A;), for E, E' which are hornotopy invariant and satisfy Nisnevich excision. 

2. As each W G Sx^^^ (n) is in have the natural maps fq+i{X, n; E) — > 

fq{X,n;E), compatible with the simplicial structure. Similarly, we have the natu- 
ral restriction maps fq{X, n; E) Sq{X, n; E). Since E satisfies Nisnevich excision, 
the sequence 

/,+i(X, n; E) ^ fq{X, n; E) ^ Sq{X, n; E) 
is a hornotopy cofiber sequence, giving the homotopy cofiber sequence 

fq+l{X, -■ E) ^ fq{X, -■ E) ^ Sq{X, -, E) 
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on the total spectra. In addition, the diagram 

fg+,iX, -■ E) y --E) v Sg{X, E) 



U+i{E){X) 



commutes. 



4. The analogous statements hold for ^ in C{PST{k)) as in corollary 1.5.3. 
For E e SHs^ik), we have the diagram 

E^f.E^ s,E 

Lemma 1.5.5. Take E G SHs^{k), X G Sm/fc and integers q,n > 0. For all 

p > q the map Tg : fqE — > E induces weak equivalences 

r{X,n;fgE)^r{X,n;E) 

sP{X,n;fgE)^sP{X,n;E) 

Proof. That Tq : fP{X,n; fqE) fP{X,n;E) is a weak equivalence follows from 
lemma 1.4.1. We have the map of distinguished triangles 

fP+\X, n; fqE) > fP{X, n; fqE) > sP{X, n; fqE) 



fP+\X,n;E)- 



-^fP{X,n;E) 



-^sP{X,n;E) 



hence Tq : sP{X, n; fqE) — > sP{X, n; E) is also a weak equivalence. □ 
Proposition 1.5.6. Take E G SHs^{k), X G Sm/fc and integer q>0. 

1. For all p> q, the map Tq : fqE ^ E induces weak equivalences 

fP{X,-,fqE)^fP{X,-,E) 
sPiX,-JqE)^sP{X,-,E) 

2. The map TTq : fq ^ Sq induces a weak equivalence 

S%X,--fqE)^s\X,-,SqE) 

Proof. (1) follows from lemma 1.5.5. For (2), we have the commutative diagram in 
SH 

s^iX, -■ fqE) si{X, -; SqE) 



s<,{UE){X) 



s,(7r,) 



0X,q;SqB 



^ Sq{SqE){X) 



with vertical arrows isomorphisms. The bottom horizontal diagram extends to the 
distinguished triangle 



Sq{fq+,E) ^ SqifqE) 



Sq{SqE) ^ Sq{fq+^E)[l] 
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and we have the defining distinguished triangle for Sq: 

Since fq+iE is in Ylp~^SHs^{k) C E^<SWsi(fc), the canonical maps 

fq+l{fg+lE) fq+lE, fq{fq+iE) — > fq+\E 

are isomorphisms, hence Sq{fq+\E) = and Sq{'Kq) is an isomorphism. □ 

Remark 1.5.7. Making the evident changes, the analogs of lemma 1.5.5 and propo- 
sition 1.5.6 hold for T € DM^^'^'ik). 

1.6. The 0th slice. Let F be a presheaf of spectra on Sm/ k which is A^-homotopy 
invariant and satisfies Nisnevich excision. Then F is pointwise weakly equivalent to 
its fibrant model. In addition, these properties pass to Hom{X, F) for X S Sm/fc. 

Furthermore, {soF){Y) can be deseribcd using the cosimplicial scheme of semi- 
local i-simplices (denoted Ag in [18]). In fact, for Y G Sm/k, let C'(^)fe(F),w be 
the semi-local ring of the set v of vertices of A^^.^,^ and set 

Clearly i i-^ ^kiY) forms a cosimplicial subscheme of A^^y^ . It follows from proposi- 
tion 1.5.2 below that {soF){Y) weakly equivalent to total spectrum of the simplicial 
spectrum 

which we denote by F{A'^^y))- 

We have an analogous description of sJf*°*.F(y) for e C{PST{k)) which is A^- 
homotopy invariant and satisfies Nisnevich excision. Using the Eilenberg-Maclane 
functor, it follows from the case of spectra that s^°^!F{Y) is represented by the 
total complex associated to the simplicial object of C(Ab) 

which we denote by ^(A^^^^). 

Remark 1.6.1. The 0th slice computes the qth slice with supports in codimension 

> q, as follows. Let C F be a closed subset, Y <E Sm/fc. We have shown in [18] 

(1) Let W° C be an open subset of W such that W \ W° has codimension 
> g on F, let F:=W\W°. Then the restriction 

Sq{Er{Y)^Sq{Er\Y\F) 

is a weak equivalence. This follows directly from lemma 1.4.1. 

(2) Suppose that W is smooth with trivial normal bundle v in Y and that 
codimyVF = q. A choice of trivialization tp : ^ together with the 
purity isomorphism (1.4.1) gives an isomorphism 

Sq{Er{Y)^nUsq{E)){W) 

in STi. Combining with the de-looping isomorphism (1.2.3) gives us the 
isomorphism 

OE,w^Y^q ■■ Sq{E)'^{Y) ^ so{n'}^E){W) 
It is shown in [18, corollary 4.2.4] (essentially a consequence of proposi- 
tion 1.5.2) that is in fact independent of the choice of trivialization 
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Let be the set of generic points of W of codimension exactly qonY. Combining 
(1) and (2) we have, for each W CY of codimension > g, a natural isomorphism 

1.7. Connected spectra. We continue to assume the field k is perfect. 

Definition 1.7.1. Call E G SHs^ik) connected if for each X G Sm/fc, the spec- 
trum E{X) is -1 connected, where E e Sptgi(fc) is a fibrant model for E. 

Lemma 1.7.2. Let E G SHs^ik) be connected. Then 

1. For each q>0, fl^E is connected. 

2. For X G Sm/fc and W C X a closed subset, the spectrum with supports (X) 
is -1 connected. 

3. Let j : U X be an open immersion in Sm/fc, W C X a closed subset . 
Then 

j* : ME'^iX)) - 7ro(i;^"^([/)) 

is surjective. 

Proof. For (1) it suffices to prove the case q= 1. Take X G Sm/fc. Since oo 
is split by ^ Specfc, {nTE){X) is a retract of E{X x P^). Since E{X x P^) is 
-1 connected by assumption, it follows that {Q,tE){X) is also -1 connected, hence 
ftxE is connected. 

For (2), suppose first that i : W ^ X is & closed immersion in Sm/fc and that 
the normal bundle of in X admits a trivialization, u = O^r- We have the 
Morel- Voevodsky purity isomorphism (1.4.1) 

E^{X) 9^ {n^j,E){W). 

By (1) {il^E){W) is -1 connected, verifying (2) in this case. 

In general, we proceed by descending induction on codim^W, starting with 
the trivial case codimxTV = dimkX + 1, i.e. TV = In general, suppose that 
codimjsf II' > q for some integer q < dim/j X. Then there is a closed subset W C W 
with codimx W > q such that W \ W is smooth and has trivial normal bundle in 
X \ W. We have the homotopy fiber sequence 

E^'iX) ^ E^{X) E^\^\X \ W) 

thus the induction hypothesis, and the -1 connectedness oi E^^'^ [X\W') implies 
that E^^'{X) is -1 connected. 

(3) follows from the homotopy fiber sequence 

and the -1 connectedness of E^\^{X). □ 

Lemma 1.7.3. Suppose E G STis^ik) is connected. Then for X G Sm/fc and 

every q,n>0, ^{X.n-.E) and s'^(X,n;E) are -1 connected. 

Proof This follows from lemma 1.7.2(2), noting that f'i{X,n;E) and si{X,n;E) 
are both colimits over spectra with supports E^ {X x A"), E^\^' {X x A" \ 
W). □ 
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Proposition 1.7.4. Suppose E G SHs^ik) is connected. Then for every q > 0, 
fqE and SqE are connected. 

Proof. Take X e Sm/fc. We have isomorphism in SH: 

fqE{X) ^ f\X, -■ E), SqE{X) S s\X, -■ E) 

By lemma 1.7.3, the total spectra f'^{X,—;E) and s''{X,—;E) are -1 connected, 
whence the result. □ 

Definition 1.7.5. Fix an integer g > and let C F be a closed subset with 
Y e Sm/fc and codimyH^ > q. For E e SHsi{k), define the comparison map 

as the composition 

noting that Tro{{fgE)^ {¥)) tto{E^{Y)) is an isomorphism by lemma 1.4.1. 

Lemma 1.7.6. Let w G F^^^ be a codimension q point of Y G Sm/fc and let 

Yw := SpecOy^^. Take E e SHs^ik) and suppose that E is connected. Then the 

comparison map 

V'^(r^) : 7ro(i?'"(r^)) ^ Tro{sg{Er{Y^)) 

is an isomorphism. 

Proof. Since '^^(y) ^ Specfc(y), we have the natural map 

nom'^rEmY))) ^ 7ro((0?,£;)(A*(y))) 

which is an isomorphism. Indeed, by lemma 1.7.2(1), iH^E is connected for all 
q > 0. In particular, {Q'^E){A2y^) is -1 connected for all Y and all n > 0. Thus 
we have the presentation of wq{{Q^E){A^y)))' 

Min^^E)iAly^)) ^ nom'^E)ikiY)) ^ 7ro((f^^i5)(A*(^))). 
By lemma 1.7.2(3) and a limit argument, the map 

Mi^'rEKKiY))) ^ TTom'TEXKiY))) 

is surjective; since ^k{Y) ~ ^k(Y) ^^'^ ^^E is homotopy invariant, the map — il 
is the zero map. 

Choose a trivialization of the normal bundle ly oi E Y^,, k{wY = i^- This gives 
us the purity isomorphisms E'^{Y^) ^ {n^j,E){w), {sqE)"'{Y^) ^ so(^t^)(w) ^ 
(fi|,_E)(A^^^j), giving the commutative diagram 

ME'^iY^)) ^^Vo(s,(£;)-(F^)) 



M^'tEH) >wom'TE){Al^^))) 

with the two vertical arrows and the bottom horizontal arrow isomorphisms. Thus 
ip^{Yyj) is an isomorphism. □ 
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Lemma 1.7.7. Suppose E G SHs^ik) is connected. Fix an integer q > and 
let W C Y be a closed subset, with Y e Sm/fc and codimyW^ > q. Then the 
comparison map 

i;^{Y):ME'^{Y))^Ms,{Er{Y)) 

is surjective. 

Proof. Recall that Yj^' denotes the set of generic points w ofW with codimyu; = q. 
Let Y\Y := Spec 0^ ^(5). By remark 1.6.1, the restriction map 



s 



,iEr{Y)^U^^^,,>s,{EnYw) 



is a weak equivalence. By lemma 1.7.6, 

.p^iYw) : TToiE^iYw)) ^ M-^iET (Yw)) 
is an isomorphism for all w G Y^^ . Thus we have the commutative diagram 

tb^ (Y) 



By remark 1.6.1, the right hand vertical arrow is an isomorphism; the bottom 
horizontal arrow is an isomorphism by lemma 1.7.6. It follows from lemma 1.7.2(3) 
that the left hand vertical arrow is surjective, hence tjj^r{Y) is surjective as well. □ 

Lemma 1.7.8. Suppose that E e Spt5i(fc) is connected. Take Y e Sm/fc, w G 
F^') and let 1^ := SpecOy^tu. Then the purity isomorphism 

is independent of the choice of trivialization if. 

Proof. We have the commutative diagram of isomorphisms 

7ro(£;-(y^)) -^^^^MsgiE^iYn.)) 



M^'tE{w)) > 7rom^TE){Al^^^)) 

By [18, corollary 4.2.4], ^<^,o,s<,b is independent of the choice of if, whence the 
result. □ 

Take E e SHs^ik) connected. For each closed subset W C Y, Y € Sva/k, we 
have the canonical map 

PE^Y,w ■■ E'^iY) ^ EMiME'^iY))). 

Definition 1.7.9. Let E G SHs^ik) be connected. Let Y be in Sm/Zc and let 
W C F be a closed subset of codimension > q. The cycle map 

cyc^(y) : £^(y) ^ £M(©^^y(„7ro((n« £)(«;))) 
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is the composition 

j^W(Y) EM{7ro{E'^iY))) 

We let 

7ro(cyc^(y)) : 7ro(i;^(F)) - ®^^y^,iTom'i,E){w)) 
be the the composition 

7ro(£^(y)) ^ e^,y(,)7ro(£;-(n^)) ^ ®^^^(,,7ro((0^£;)H). 

In other words, 7ro(cyc^(y)) is the map on ttq induced by cyc^(F). 

Definition 1.7.10. Let E e SHsi{k) be connected. For X e Sm/fc and integers 
q,n>0 define 

z'i{X,n;E) := ©^,g;,(„(„)7ro((l^«.i?)(«;)). 

Taking the Hmit of the maps cyc^ ^^'(X x A" \ W) for for E G SHs^ik) 
connected, W £ S'^\n), W G s'^^'^\n) we have the maps of spectra 

cycEiX, n) : s«(X, n; E) EM{z''{X, n; E)) 

and the maps of abclian groups 

McyCEiX, n)) : Ms'iX, n; E)) ^ n; E) 

Lemma 1.7.11. Let E G SHs^ik) he connected and let X be in Sm/k. Then 

McyCs,E{X,n)) : Tro{s''{X,n;SgE)) z'i{X,n;SgE) 

is an isomorphism. 

Proof. First note that, by proposition 1.7.4, SgE is connected, hence all terms in 
the statement are defined. By remark 1.6.1, the restriction map 

is an isomorphism; since 7ro(cyCg_^£;(X, n)) is constructed by composing restriction 
maps with purity isomorphisms, this proves the result. □ 

Lemma 1.7.12. Let E G SHs^{k) be connected and let X be in Sm/fc. There is 
a unique structure of a simplicial abelian group 

z'^{X,n; E) 

such that the maps 7ro(cyc^(X, n)) define a map of simplicial abelian groups 

[n ^ 7ro(s«(X, n; E))] ^ ^^iX, n; E)]. 

Proof. Since E is connected, the cycle maps 

are surjective. Thus 7ro(cyc^(X, n)) is surjective, which proves the uniqueness. 
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For existence, the map '!To{cyc^{X, n)) is natural with respect to E. In addition, 
by proposition 1.7.4, both fgE and SgE are connected; applying 7ro(cyC7(X, n)) to 
the diagram 

E^fgE^ SgE 

gives the commutative diagram 

7ro(s«(^, E)) < 7ro(s«(X, n; fgE)) > 7ro(s«(X, n; SgE)) 



'ro(cyCE(X,n)) 



To(cyc^^E(X,n)) 



•^o(cyCs E(X,n)) 



z^iX, n; E) i n; fgE) > zi{X, n; SgE) 

By lemma 1.5.5, the left hand map in the top row is an isomorphism. The maps in 
the bottom rows are induced by maps 

7ro((r!^S)H) ^ Ti^{{n'}rfgE){w)) ^ ^o((n?..s,s)(^«)) 

By (1.2.3), n^j^fgE = fo{n^fgE) = n'^E and similarly n'^SgE = so{n'^E). Thus 
the bottom row is a sum of isomorphisms 

Finally, the right hand vertical map is an isomorphism by lemma 1.7.11. As the 
top row is the degree n part of a diagram of maps of simplicial abelian groups, the 
isomorphisms 

7ro(s«(X, n; SgE)) z'^{X, n; SgE) ^ z^iX, n; E) 

induce the structure of a simplicial abelian group from [n tto{s'^ {X,n; SqE))] 
to [n z'^{X,n;E)], so that the maps 7ro(cyc^(X, n)) define a map of simplicial 
abelian groups. □ 

We use the above results to give a generalization of the higher cycle complexes 
of Bloch: 

Definition 1.7.13. Let E e SHs^ik) be connected. For X e Sm/fc, and q,n>0 
integers, let z'^{X, *;E) be the complex associated to the simplicial abelian group 
n z'^{X,n;E). Similarly, for G C{PST{Sm/k)) which is homotopy invariant 
and satisfies Nisnevich excision, we set 

z'>{X,n;J^) = e^e^(,)(„)F0((f2«.F)H), 

giving the simplicial abelian group n i-^ z'^{X,n;^). We denote the associated 
complex by z''{X, *;J-). 
For integers g, n > 0, set 

CH«(X, n; E) := *; E)) 

and 

CH«(X,n;:r) := Hr,{z''{X,*;J^)) 
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1.8. Well-connected spectra. Following [18] we have 

Definition 1.8.1. E G iSHsi(fc) is well-connected if 

(1) E is connected. 

(2) For each Y G Sm/fc, and each q>0, the total spectrum {fl^E){A'^^Y)) 

7r„((O^i;)(A^(^)))=0 

for n ^ 0. 

Remark 1.8.2. Under the Eilenberg-Maclane map, the corresponding notion in 
DM''f^{k) is: Let T € C{PST{k)) be homotopy invariant and satisfy Nis- 
nevich excision. Call well-connected if 

(1) \s connected 

(2) For each Y e Sm/A;, the total complex (Oy.F)(A^^^^) satisfies 
for n 7^ 0. 

Remark 1.8.3. Wc gave a slightly difFcrcnt definition of well-connectedness in [18, 
definition 6.1.1], replacing the connectedness condition (1) with: E'^ {Y) is -1 con- 
nected for all closed subsets W dY ,Y & Sm/fc. By lemma 1.7.2, this condition is 
equivalent with the connectedness of E. 

The main result on well-connected spectra is: 

Theorem 1.8.4. 1. Suppose E £ SHs^ik) is well-connected. Then 

cyCB(X) : -; E) ^ EMiz^X, -; E)) 

is a weak equivalence. In particular, there is a, natural isomorphism 

CH'(X,n;i?) -^„((s,£;)(X)) -Hom5„^,(,)(E~X+,I];"s,(£;)). 

2. Suppose T € C{PST(k}) is well-connected. Then 

cyC£;(X) : s«(X,*; J-) ^ z«(X,*; J"). 

is a quasi-isomorphism. In particular, there is a natural isomorphism 

CW{X,n;J^) - mg^^{X,s^"'T) - Hom^M=//w(^(^), 

Proof. We prove (1), the proof of (2) is the same. We have commutative diagram 
(in SH) 



si{X, -■ E) i s9(X, -; f^E) > s^iX, -; s^E) 



cyc/gE(x) 



.AX) 



EM{zi{X, -; E)) EM{z'^{X, -; fgE)) — ^ EM^z^iX, -; s,E)) 

By proposition 1.5.6, the arrows in the top row are isomorphisms. As we have seen 
in the proof of lemma 1.7.12 the arrows in the bottom row are also isomorphisms. 
Thus, it suffices to prove the result with E replaced by SqE. 

The map cyCg^£;(X) is just the map on total spectra induced by the map on 
n-simplices 

eye, .(X,n) : s'i{X,n; s^E) ^ EM{z\X,n; s^E)) 
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By lemma 1.7.11, the map on ttq, 

7^o(cyc^,i^(^,^^)) : Ms"iX,n; SgE)) z'^{X,n] SqE), 
is an isomorphism. However, since E is well-connected, and since 
s'i{X,n;SqE) ^ n^g;,(,)(„)So(fi?,^)(fcH), 

it follows that 

n; SqE) = SM(7ro(s«(X, n; SgE))), 
and cyCjj^g(X, n) is the map induced by 7ro(cyCj,_^£;(X, n)). Thus cyCj,^g(X, n) is 
a weak equivalence for every n, hence cyCg^^(X) is an isomorphism in SH, as 
desired. □ 

2. BiRATIONAL MOTIVES AND HIGHER ChOW GROUPS 

Birational motives have been introduced and studied by Kahn-Sujatha [16] and 
Huber-Kahn [14]. In this section we re-examine their theory, emphasizing the re- 
lation to the slices in the motivic Postnikov tower. We also extend Bloch's con- 
struction of cycle complexes and higher Chow groups: Bloch's construction may be 
considered as the case of the cycle complex with constant coefficients Z whereas our 
generalization allows the coefficients to be in a birational motivic sheaf. Finally, we 
extend the identification of Bloch's higher Chow groups with motivic cohomology 
[11, 39] to the setting of birational motivic sheaves. 

2.1. Birational motives. 

Definition 2.1.1. A motive G DM^^^(k) is called birational if for every dense 
open immersion j : U ^ X in Sm/fc and every integer n, the map 

j* : HomBMe//(fe)(M(X), jr[n]) ^ HomBMe//(fc)(M(C/), jr[n]) 

is an isomorphism. If is a sheaf, i.e., = H'^{J^) in D{Sh^ig{k)), we call a 
birational motivic sheaf. 

Remarks 2.1.2. 1. For X e Sm/k and g DM''ff{k) C D{Sh%,^{k)), there is a 
natural isomorphism 

HomcMe//(fe)(M(X),.F[n]) ^ HSi,(X,^) 

Thus a motive T G DM^^^{k) is birational if an only if the hypercohomology 
presheaf 

on Xzar is the constant presheaf on each connected component of X . 

2. Let ^ be a Nisnevich sheaf with transfers that is birational and homotopy 
invariant. Then is a birational motivic sheaf. Indeed, since is birational, the 
restriction of to Xzai is a locally constant sheaf. We have 

Hom^(s^^^^(,))(L(X),.F[n]) = H^,M,^) = H^.r{X,n 

the Zariski cohomology H^^j.{X,T) is zero for n > since a constant Zariski sheaf 
is flasque. In particular, is strictly homotopy invariant and thus an object of 
DM^J^{k) C DW^^ (k). Finally 

RomjjM-ft (^k)iM{X),J^[n]) = Homo(sfttj;^(fc))(i^(^),^[n]) = 




for n = 
for n ^ 
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hence is a birational motive. 

Of course, this result also follows from Voevodsky's theorem [11] that a Nisnevich 
sheaf with transfers that is homotopy invariant is also strictly homotopy invariant, 
but the above argument avoids having to use this deep result. 

2.2. The Postnikov tower for birational motives. In this section, wc give a 
treatment of the slices of a birational motive. These results arc obtained in [16]; 
here we develop part of the theory of [16] in a slightly different and independent 
way. 

Let T be in DM''f^{k). Since /^°*JF ^ T is an isomorphism, we have the 
canonical map 

TTo ■ J- ^ Sq J- . 

The following result is taken from [16] in slightly modified form: 

Theorem 2.2.1. For T in DW^^iJz), -kq-.T ^ s^°*:F is an isomorphism if and 
only if T is a birational motive. In particular, since s™"*.?" = Sq*°*(sq*°*.F), s'q'°^J^ 
is a, birational motive. 

Proof. Since we have the distinguished triangle 

TTo is an isomorphism if and only if /"'°*^ = 0. 

Suppose that ttq is an isomorphism. Let j : U — > X be a dense open immersion 
in Sm/fc and letW = X\U. We show that 

HomoMe//(fc)(M(X),.F[n]) ^ Bom jj,^eff^k){M{U),J'[n\) 

is an isomorphism by induction on codim^W^, starting with codim^W = dim^ X + 
1, i.e., = 0. We may assume that X is irreducible. 

By induction we may assume that W is smooth of codimension d>l, giving us 
the Gysin distinguished triangle 

M{U) ^ M{X) M{W){d)[2d\ M{U)[l]. 

But as d > 1, we have 

= Hom^Me//(fc)(M(W-)(d)[2d],/r*J^[n]) ^ Hom^Me//(fe)(M(W-)(d)[2d],:r[n]) 

hence j* is an isomorphism. 

Now suppose that !F is birational. We may assume that J- is fibrant as a complex 
of Nisnevich sheaves, so that 

HomoMe//(fc)(M(X),.F[n]) = H^{HX)) 

for all X G Sm/fc. 

Take an irreducible X e Sm/fc. By remark 1.6.1(2) (applied with Y = W = X), 
we have a natural isomorphism 

Hom^M=„(,)(M(X),sr*-^[n]) - i/"(.F(A*(^))) 

Also, as is birational, the restriction to the generic point gives an isomorphism 

Hom^Me//(fc)(M(X),;r[n]) ^ H^{T{k{X))), 

and the map 

Hom^Me//(fe)(M(X),.F[n]) ^ Hom^M=//(fc) (M(X), 5r*^[n]) 
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is given by the map on H" induced by the canonical map 

On the other hand, since is birational, the map 

is a quasi-isomorphism for all n, and hence the map of total complexes 

is a quasi-isomorphism. Since is homotopy invariant, the map 

is a quasi-isomorphism; thus the composition 

^(fc(X))-.F(A*(^))-^(A*(^)) 

is a quasi-isomorphism as well. Taking iJ", we see that 

Hom^Me//(fc)(M(X),.F[n]) ^ Hom^Me//(fc)(M(X), s^''*.^^) 

is an isomorphism for all X G Sm/k. Since the localizing subcategory of DM*^^^ {k) 
generated by the M{X) for X e Sm/fc is all of DM^^f{k), it follows that TTo is an 
isomorphism. □ 

Corollary 2.2.2. Let he a birational motive. Then 

for m> n 

J^{n) for m <n. 

Proof Suppose n > m > 0. As J^{n) is in DM''^^ (fc)(m) , we have f^°\J^{n)) = 

Now take m > n. As a localizing subcategory of DM'^^^ [k), DM^^^ (k){m) is 
generated by objects M{X){m), X e Sm/fc. Thus it suffices to show that 

HomcMe//(fc)(M(X)(m), jr(n)[p]) = 

for all X e Sm/fc and all p. By Voevodsky's cancellation theorem [38], we have 

llov[iijMett{k){M{X){m),J^{n)\p]) = HomoMe//(fe)(-^(^)(TO - n),J^\p]) 

But since m — n > 1, we have 

Hom^Me//(,) (M(X)(m - n),T\p]) ^ HomBMe//(fc)(M(X)(m - n), fr'^) 

which is zero by theorem 2.2.1. □ 

Remark 2.2.3. Lot be a birational motive. Then T{n) = s™°*(^(n)) for all 
n > 0. Indeed, ./;""' = ^(«) and f;[f^{T{n)) = 0. 

Remark 2.2 A. Let .F be a birational motive. Then for all G in DM^-^^{k) and all 
integers m > n > 0, we have 

Indeed, the universal property of f^°*J^ — > gives the isomorphism 

HomcMe//(fc)(e?(m),/r*(-^W)) = Hom^Me//(fe)(a(m),.F(n)) 
but fJ^i°\J^{n)) = by corollary 2.2.2. 
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2.3. Cycles and slices. If F/k is a finitely generated field extension, we define 
the motive M{F) in DM'^^^ [k] as the homotopy limit of the motives M{Y) as 
Y G Sm/fc nms over all smooth models of F. Since we will really only be using 
the functor Hom£)J^^e//(^.•)(M(F), — ), the reader can, if she prefers, view this as a 

notational short-hand for the functor on DM^-^^{k) 

lim RomjjM-ff^k){M{Y),M) 

Y 

k{Y)=F 

This limit is just 

lim Ml,,{Y,M) 

Y 

k{Y)=F 

in other words, just the stalk of the 0th hypercohomology sheaf of M at the generic 
point of Y. 

Lemma 2.3.1. Let be a homotopy invariant Nisnevich sheaf with transfers. 
Then 

HomBMe//(fc)(M(fc(y)),:r(n)[2n + r])) = 
for r > and for all Y e Sm/A;. 

Proof. Let F = k{Y). J^{n)[2n] is a summand of JT® M(P"), so it suffices to show 
that 

Hom^M=//(fe)(M(F),JP® M(P")[r])) = 

for r > 0. We can represent :F(g)M(P") by C*(:r0*''i(P")). We have the canonical 
left resolution 

of T (as a Nisnevich sheaf with transfers), where the terms in C{T) are direct sums 
of representable sheaves, so we can replace C*(.F®*'' L(P")) with the total complex 
of 

. . . ^ c^{c{r)n ^ i(P")) ^ . . . ^ a(£(^)o i(P")) 

This in turn is a complex supported in degrees < with all terms direct sums of 
representable sheaves L{Y), Y E Sm/fc. But for any X e Sm/k, we have 

Hom^M=„(,)(M(X),M(r)[r]) - m^^,,{X,C.{Y)) 

Thus 

Hom^Me//(fc)(M(i=^),M(y)[r]) ^ H^a{Y){F)) 
which is zero for r > 0, and thus 

RomjjM.ff^^^{M{F),J^{n)[2n + r])) C H^iC^CiJ^) i(P"))) = 
for r > 0. □ 

Proposition 2.3.2. Let T he a birational motivic sheaf. Then J^{n)[2n] is well- 
connected. 

Proof. We first show that is connected, i.e., that 

H^,,(X,.F(n)[2n]) = Hom^Me//(fc)(M(X),.F(n)[2n + r]) = 
for all r > and all X G Sm/fc. We have the Gersten-Quillen spectral sequence 

E{'' = ®,exM'iiomj,Meff^k)iMikix)){p)[2p],J^{n)[2n+p + q]) 

=^ Rom Me ff (fe) (M(X) , JF(n) [2n+p + q]). 
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For p > n, Ef'"^ = by remark 2.2.4. Using lemma 2.3.1 and Voevodsky's can- 
cellation theorem [38], we see that E'f'' = fov p + q > 0, p < n, whence the 
claim. 

Next, note that 



n?J(^(n)[2n]) = 




m) [2n — 2m] for < m < n 
for m> n. 



Indeed, note that, for g e DM^f^{k), 

HomoMe//(fe)(a,0?f(:F(n)[2n])) ^ HomjjMeff^k){G{m)[2m\,J^{n)[2n\). 

For m < n, we have the canonical evaluation map ev : J^{n — m)[2n — 2m] 
0™(^(n)[2n]); the above identity says that ev induces the Tate twist map 

Hom^M'=//(fe)(^,-^(" - rn)[2n - 2m])) }iomiyM-ff(k){G{m)[2m],J^{n)[2n]). 

Voevodsky's cancellation theorem [38] implies that the Tate twist map is an isomor- 
phism; as G was arbitrary, it follows that ev is an isomorphism. For the case m > n, 
the right-hand side Hom£);i^e//(fc)(^(m)[2m],.F(n)[2n]) is zero by remark 2.2.4. 
Thus 

for m > 0,m ^ n 



sr\^^{Hn)[2n])) = 



for m = n. 



In fact, we need only check for < m < n. If < m < n, then Uip{T{n)[2n]) is 
in DM^^^(A;)(1), hence the s'S"'\nrp{T{n)[2n])) = 0. Finally, n^{J^{n)[2n]) = T, 
and thus svSmT(n)'(2n]) = sJ^^^T) ^ T by remark 2.2.3. 

In particular, s™°*(f2™(.F(n)[2n])) is concentrated in cohomological degree for 
all TO, which shows that jF(n)[2n] is well-conncctcd. □ 

Theorem 2.3.3. Let T he a birational motivic sheaf. Then there is a natural 
isomorphism 

H^'i-P{X,n<D) :=Hom^M»//(,)(M(X),.F((z)[2g-p]) ^ CH«(X,p;.F((?)[2g]) 

Proof. Since J^{q)[2q] is well-connected, it follows from theorem 1.8.4 that the slices 
s™°^{T{q)\^q\) are computed by the cycle complexes, i.e., there is a natural isomor- 
phism 

Hom^M^// (fe) , {Hq) [H ) [-p\ ) = CH« {X, p; T{q) [2q] ) . 

But s'^°\T{q)[2q]) = T{q)[2q] by remark 2.2.3. □ 

Remark 2.3.4. Let be a birational sheaf. For Y € Sm/fc, we can define the group 
of codimension q cycles on Y with values in as 

z\Y)^ := ®^^Y^^)J'{k{w)), 

that is, an .F- valued cycle on F is a formal finite sum '}2^a^W^ with each Wj a 
codimension q integral closed subscheme of Y and aj € J^{k{Wi)). The canonical 
identification 

Hk{w))^H\{Tmq]r{y)) 
for W <Z Y a, codimension q integral closed subscheme gives the J^-valucd cycle 
groups the usual properties of algebraic cycles, including proper pushforward, and 
partially defined pull-back. In particular, for .F = Z, we have the identification 

z'i{Y)^ = z^Y); 
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we will show in the next section that this identification is compatible with the 
operations of proper pushforward, and pull-back (when defined). 
In addition, we have 

hence 

Thus wc can think of z'^{X,*; !F{q)[2q]) as the cycle complex of codimension q 
J^- valued cycles in good position on X x A*. 

2.4. The sheaf Z. The most basic example of a birational motivic sheaf is the 
constant sheaf Z. Here we show that the constructions of the previous section are 
compatible with the classical operations on algebraic cycles. 

Let W (ZY he a closed subset with Y G Sm/k. We let z'^{Y) be the subgroup 
of z'^{Y) consisting of cycles with support contained in W. 

Definition 2.4.1. The category of closed immersions Imm^ has objects {Y,W) 
with Y e Sm/k and W CY a closed subset. A morphism / : (Y, W) (Y', W) is 
a morphism f : Y ^ Y' in Sm/k such that f~^{W')ied C W. Let lmmk{q) C Imm^ 
be the full subcategory of closed subsets W CY such that each component of W 
has codimension > q. 

Note that for each morphism / : (W C Y) ^ (W' C Y'), the pull-back of cycles 

gives a well-defined map /* : z'y^,{Y') — > z'^{Y). 

Definition 2.4.2. Let f : Y' ^ Y he a morphism in Sch^, with Y and Y' equi- 
dimensional over k. We let *)/ C z*(F, *) be the subcomplex defined by 
letting z'^{Y, n) j be the subgroup of z''{Y, n) generated by irreducible W cY y. A", 
W G z''{Y,n), such that for each face F C A", each irreducible component of 
(/ X \dF)~^{W r\X X F) has codimension qonY' x F. 

Assuming that fiY') is contained in the smooth locus of F, the maps (/ x idA")* 
thus define the morphism of complexes 

We recall Chow's moving lemma in the following form: 

Theorem 2.4.3 (Bloch [4]). Suppose that Y is a quasi-projective k-scheme, and 
that f :Y' ^Y has image contained in the smooth locus ofY. Then the inclusion 
: z''{Y,*)f z''{Y,*) is a quasi-isomorphism. 

One proves this by first using "moving by translation" to prove the result for 
y = P", then using the method of the projecting cone to prove the result for Y 
projective, and finally using Bloch's localization theorem, applied to a projective 
completion F — > F, to prove the general case. 

Lemma 2.4.4. Take Y G Sm/k, W CY a closed subset. Suppose that each irre- 
ducible component ofWdY has codimension > q. Then there is an isomorphism 

PY,w,g ■■ H^(Y,Z{q)) ^ zliY) 

such that the pY,w,q define a natural isomorphism of functors from Imm^^^ to Ab. 
In addition, the maps pY,w,q are natural with respect to proper push-forward. 
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Proof. By definition, Z(l)[2] is the reduced motive of P^, 

Z(l)[2] = M(pi) = cone(M(fc) ^ M{F^)), 
and Z((j')[2g] is tlie qth tensor power of Z(l)[2]. Via the locahzation functor 

i?Cf"" : D-{Sh'^i,{Sm/k)) DM^J^ (fc) 
and using [11, V, corollary 4.1.8], we have the isomorphism 

Z(g)[2q] = CS-(zq.fi„(A'')) 
and the natural identification 

H^'i+P{Y,Z{q)) - e^j,(F,Cf-(^q.fi„(A'))) - FP(Cf-(^q.fi„(A'))(F)). 

In particular, we have the natural identification of the motivic cohomology with 

supports 

H^^{Y,Z{q)) ^ //o(cone(CS-(^q.fin(A«))(y) ^ (7^^(^q.fin(A«))(F \ W))[-l]). 
Set 

Cf^(2q.fi„(A''))(r)w' := cone(CS-(zq.fi„(A''))(y) ^ C^^(zq.fin(A'))(r \ l^))hl]. 

In addition, from the definition of the Suslin complex, we have the evident in- 
clusion of complexes 

Cf'(2q.fin(A«))(r) c z'^iY X A', *)yxid C z'^iY X A', *). 

It follows from [11, VI, theorem 3.2, V, theorem 4.2.2] that the inclusion 

C^'(^q.fin(A«))(F) C Z\Y X A«,*) 

is a quasi-isomorphism; by theorem 2.4.3, the inclusion 

C^'(-2q.fin(A3))(y) C Z^Y X A9,*)/xid 

is a quasi-isomorphism as well. 

Let U = Y \ W, U' := Y' \ W and let fu : U' U he the restriction of /. 
Setting 

z<^{Y, *)wj = cone{zO{Y, *)f ^ zO{U, *)/„)[- 1], 
we thus have the quasi-isomorphism 

Cf^(2q.fin(A«))(y)w ^ z'^iY X A«,*)^^xAS/xid. 

We have the commutative diagram 

Cf"^(^q.fin(A9))(y)w > Z1{Y X A9,*)^xAS/xid 



(/xid*,/t/xid*) 



C^^(^q.fin(A9))(F')l^ ^^'C^' X A«,*)^^,xA. 

Since the horizontal maps are quasi-isomorphisms, we can use the right-hand side 

to compute /* : H^{Y,Z{q)) -> H^,{Y' ,Z{q)). 

By the homotopy property for the higher Chow groups, and using the moving 
lemma again, the pull-back maps 

pI : z'i{Y, *)wj z'i{Y X A«, *)w.xAo,/xid 
p\ : zi{Y', ^ z''iY X A«, *)w'xA'. 
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are quasi-isomorphisms. Thus we can use 

r :zi{Y,*)w,f^ z" {¥',*) w 

to compute /* : H^iY,Z{q)) ^ H^,{Y' ,Z{q)). 

Let d = dinifc Y. Chow's moving lemma together with the locaHzation distin- 
guished triangle 

Zd-q{W, *) Zd-q{Y, *) Zd-q{U, *) 

shows that the inclusion Zd-g{W, *) C Zd-g{Y, *)f induces a quasi-isomorphism 

Zd-g{W,*)^z''{Y,*)w,f. 
Similarly, the inclusion Zd'-q{W', *) C Zd'-q{Y', *), d' := dim^ Y', induces a quasi- 
isomorphism 

Zd'-q{W',*)^Z^{Y',*)w'. 

Since each component of W has codimension > q onY, it follows that the inclusion 

Zd-q{W) = Zd-qiW, 0) ^ Zd^qiW, *) 

is a quasi-isomorphism. As Zd-q{W) = we thus have the isomorphism 

PY,w,q : z^y^,{Y) ^ H^{Y,Z{q)) 

In addition, the diagram 

Zd-q{W) = z^y^iY) > z-'iY, *)wj 



r 



r 



Zd'-q{W') = z^w,{Y') > z''{Y', *)w' 



commutes. Combining this with our previous identification of H'^{Y,Z(q)) with 



Ho{zi{Y,*)wj) and H^^.,{Y\Z{q)) with Hn{z'i{Y' ,*)w') shows that the isomor- 
phisms pY,w,q are natural with respect to pull-back. 

The compatibility of the pY,w,q with proper push-forward is similar, but easier, 
as one does not need to introduce the complexes z'^(Y x A'^,*)y^xid) etc., or use 
Chow's moving lemma. We leave the details to the reader. □ 

Now take X g Sm/k, W G Sx\n). We thus have the isomorphism 
PxxA^,w,q : H^{X X A",Z{q)) ^ x A") 

In addition, if W C is a closed subset of codimension > q on X x A", then the 
restriction map 

H^{X X A", Z{q)) ^ H^^^, (X x A" \ W, Z{q)) 
is an isomorphism. Noting that 

iJ°((Z(g)[2g])^(X X A")) = H^^{X x A",Z(g)) 
it follows from the definition of z'^{X, n; Z{q)[2q]) that we have 

z'^{X,n;Z{q)[2q]) = lim H^{X x A",Z{q)). 

wes^^^ (n) 

Thus taking the limit of the isomorphisms pxxA'^,w,q over W G Sx\n) gives the 
isomorphism 

px,n : z'J{X,n;Z{q)[2q]) ^ z''{X,n). 
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Proposition 2.4.5. For X e Sm/k, the maps px,n define an isomorphism of 
complexes 

z\X,*;Z{q)[2q])^zi{X,*) 
natural with respect to flat pull-back. 

Proof. It follows from lemma 2.4.4 that the isomorphisms px,w,n are natural with 
respect to the pull-back maps in lmmk{q); in particular, with respect to flat pull- 
back and with respect to the face maps X x A"~^ X x A". Passing to the limit 
over proves the result. □ 

3. The sheaves K.:^ and 

We apply the results of the previous sections to the if-thcory of Azumaya al- 
gebras. The basic construction will be valid for a sheaf of Azumaya algebras over 
a fairly general base-scheme X; as the general theory we have already discussed is 
only available for X = Spec fc, wc arc forced to repeat some of the constructions in 
the more general setting before reducing the proof of the main result to the case 
X = Spec k. 

3.1. ICq-: definition and first properties. Fix a sheaf of Azumaya algebras A 

on an _R-scheme of finite type X. For p : Y ^ X <E Schx, wc have the sheaf p*A 
of Azumaya algebras on Y. We may sheafify the if-groups of p*A for the Zariski 
topology on Y, giving us the Zariski sheaves K.:^ on Schx- 

Lemma 3.1.1. Suppose that X is regular. Then 

(1) A^Q* is an homotopy invariant presheaf on Sm/X . 

(2) /Cg* is a birational presheaf on Sm/X , i.e., for Y € Sm/X, j : U ^ Y a 
dense open subscheme, the restriction map 

r:JC^{Y)^JC^{U) 

is an isomorphism. Equivalently, is locally constant for the Zariski 
topology on Sm/X, hence is a sheaf for the Nisnevich topology on Sm/X. 

Proof. The homotopy invariancc follows from the fact that Y i-^ Kq{Y;A) is ho- 
motopy invariant, and that the restriction map Ko{Y, A)\toKQ{U, A) is surjective 
for each open immersion U —*Y in Sm/X. 

For the birationality property, we may assume that Y is irreducible. By corol- 
lary A. 4, any object in the category Vx;A is locally ^-projective, hence it suffices 
to show that for each y £Y, the map 

Ko{A^Ob Oy,v) KoiA<S:oB HY)) 

is an isomorphism. 

Since Y is rcgiilar, surjcctivity follows easily from corollary A. 5. On the other 
hand, since Oy^y is local, the category of finitely generated projective A ®Ob ^Y,y 
modules has a unique indecomposable generator ([9], [17, III. 5. 2. 2]) and similarly, 
the category of finitely generated projective A ®Ob ^(^) modules has a unique 
simple generator. Thus the map is also injective, completing the proof that IC'^ is 
birational. 

To see that is a sheaf for the Nisnevich topology, it suffices to check the 
sheaf condition on elementary Nisnevich squares; this follows directly from the 
birationality property. □ 
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3.2. The reduced norm map. Let SpecF ^ X he a point. We define a map 

NrdF : Z ~ Ko{Af) ^ Ko{F) = Z 

by mapping the positive generator of Ko{Af) to eF[-F], where is the index of Af- 
Recall that, by definition, ep = [D: F] where D is the unique division F-algebra 
similar to Af- 

Lemma 3.2.1. The assignment F i-^ Nrd^ defines a morphism of sheaves 

Nrd -.IC^^Z 

which realizes Kq- as a subsheaf of the constant sheaf Z on Y. This is the reduced 
norm map attached to A. 

Proof. In view of lemma 3.1.1, it suffices to check that if L is a separable extension 
of F, the diagram 

Ko{Al) ML) 



Ko{Af) Ko{F) 
commutes. This is classical: by Morita invariance, we may replace Af by a similar 
division algebra D. Choose a maximal commutative subfield E G D which is 
separable over F. First assume that L = E: then Dl is split and Nrdi, is an 
isomorphism by Morita invariance; on the other hand, the generator [D] of Kq{D) 
maps to e times the generator of Kq{Dl), which proves the claim in this special 
case. The general case reduces to the special case by considering a commutative 
cube involving the extension LE. □ 

3.3. The presheaf with transfers Z^. For a scheme X wc let Mx denote the 
category of coherent sheaves (of Ox modules) on X. Given a sheaf of Azumaya 
algebras A on X, we let Mx{A) denote the category of sheaves of .A-modules T 
which are coherent as 0x-modules, using the structure map Ox ^ ^ to define the 
Ox-module structure on J^. We let G{X; A) denote the if -theory spectrum of the 
abelian category M.x{A). If / : F ^ X is a morphism, we often write GiX; A) for 
G{Y:f*A). 

Suppose that X is regular. Let f : Z Y he a finite morphism in Schx with 
Y in Sm/X. Restriction of scalars defines a map of sheaves 

f.:f.lCo{Z;A)^go{Y;A). 

Using corollary A. 5, we see that the natural map 

)Co{Y;A)^go{Y;A) 

is an isomorphism, giving us the pushforward map 

/. : IC^{Z) ^ )C^{Y) 

Now take Y, Y' G Sm/X and \ci Z CY XxY' he an integral subscheme which 
is finite over Y and surjective onto a component oiY; lei p : Z ^ Y , p' : Z ^ Y' 
be the maps induced by the projections. Define 

Z* : /C^(F') ^ K-^{Y) 

by Z* := op'*. For X regular, this operation extends to CovxiX, Y') by linearity. 
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Lemma 3.3.1. Suppose X regular. For Zi E CoTxiY,Y'), Z2 e Coix{Y',Y") we 
have 

[Z2 o Zi)* = Z^ o Z2 

Proof. We already have a canonical operation of Corx{—, — ) on the constant sheaf 
Z making Z a sheaf with transfers; one easily checks that this action agrees with 
the action we have defined above for A = Ox- It is similarly easy to check that, for 
Z integral and f : Z Y finite and surjective with Y smooth, /* commutes with 
Nrd. Since Nrd is injective, this implies that /Cq^ is also a sheaf with transfers, as 
desired. □ 

Definition 3.3.2. Let X be a regular i?-scheme of finite type, A a sheaf of Azumaya 
algebras on X. We let denote the Nisnevich sheaf with transfers on Sm/X 
defined by /C(f. 

Remark 3.3.3. The reduced norm map Nrd : /Cq^ — > Z defines a map of Nisnevich 
sheaves with transfers Nrd : Z^ — > Z. 

Lemma 3.3.4. The subsheaf with transfers (Z^,Nrd) of the constant sheaf (with 
transfers) Z only depends on the subgroup of Br{X) generated by A. In particular, 
it is Morita-invariant. 

Proof. Indeed, if B generates the same subgroup of Br{X) as A, there exist integers 
r, s such that is similar to B and B®^^ is similar to A. This implies readily 

that A and B have the same splitting fields (say, over a point SpecF of X), hence 
have the same index (say, over any extension of i^). □ 

Remark 3.3.5. The maps Kq{F) Kq{Af) given by extension of scalars also define 
a morphism of sheaves Z Z^. But this morphism is not Morita-invariant. 

In case X is the spectrum of a field, lemma 3.1.1 yields 

Proposition 3.3.6. Take X = Spec A:, k a field, and let A be a central simple 
algebra over k. Then the sheaf with transfers Za on Sm/k is a birational motivic 
sheaf. 

3.4. Severi-Brauer varieties. Let p : SB{A) X he the Severi-Brauer variety 

associated to A. 

Lemma 3.4.1. Suppose X = Spec A:, k a field. Then the subgroup Nrd(i4ro(^)) C 
Ko{k) =Z is the same as the image 

p,{CBo{SB{A))) C CHo(B) = Z. 

Moreover, : CB.o{SB{A)) Z is injective. 

Proof. This is a theorem of Panin [28]. We recall the proof of the first statement. 
Let X = Specif be a closed point of SB{A). Then if is a finite extension of F 
which is a splitting field of A. It is classical that K is & maximal commutative 
subfield of some algebra similar to A; in particular, [K : F] is divisible by the index 
of A. Conversely, replacing A by a similar division algebra D, for any maximal 
commutative subfield L c D, [L : F] equals the index of A. □ 

Now let us come back to the case where X is regular. Let us denote by 
CHo{SB{A)/X) the sheafification (for the Zariski topology) of the presheaf on 
Sm/X 

U^CRdi^,uiSB{A) XxU). 
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The push-forward 

pu* : CHdim, u{SB{A) XX U)^ CR^im, u{U)=Z 

defines the map 

deg : CHo{SB{A)/X) ^ Z 
where Z is viewed as a constant sheaf on (Sm/X)zar- 

Lemma 3.4.2. The map deg identifies CHo{SB{A)/X)) with the locally constant 
subsheaf Nrd(Z^) c Z. In other words, there is a canonical isomorphism of sub- 
sheaves ofZ 

(Z^,Nrd) ^ {CHo{SBiA)/X)),deg). 

Proof. As we have already remarked, the result is true at Speci^, F a field. For Y 
local, the restriction map 

r : CRdimx{SB{A) xx Y) ^ Clio{SB{A^On k{Y)) 

(dimX := the Krull dimension) is surjective, from which the result easily follows. 

□ 

Remark 3.4.3. It is evident that the transfer structure of lemma 3.3.1 on Z^ coin- 
cides with the natural transfer structure on CHo{SB{A)/X)) . 

3.5. /Cq^ for embedded schemes. Let fc be a field. We fix a sheaf of Azumaya 
algebras A on some finite type fc-scheme X; we do not assume that X is regular. 

As a technical tool, we extend the definition of the category Immfe (defini- 
tion 2.4.1) as follows: 

Definition 3.5.1. The category of closed immersions Immx,fe has objects (F, W^) 
with Y G Sm/fc and W C X XkY a closed subset. A morphism / : {Y,W) —>■ 
(F', W) is a morphism f-.Y^Y'in Sm/fc such that (id x /)-i(W)red C W. 

Let y be a smooth fc-scheme, let i : W ^ X XkY he a. reduced closed subscheme 

of pure codimension. Letting W^cg C W" be the regular locus, we have the (constant) 
Zariski sheaf /Cff defined on VFreg- We describe how to extend /Cq* to W C X x^Y 
so that 

{Y,W)^1C^{W CX XkY) 

defines a presheaf IC'^ on Immx,fc- 

For this, we define /C^ on i : W X XkY to he /C^(Wreg), where j : W^eg W 
is the regular locus of W. The trick is to define the pull-back maps. 

We let G^{X XkY;A) denote the homotopy fiber of the restriction map 

G{X XkY; A) G{X XkY\W;A) 

Lemma 3.5.2. Suppose that X is local, with closed point x. Let i : Y' Y 
be a closed embedding in Snf^^/k, with Y local having closed point y. Let W C 
X xY be a closed subset such that X x Y' CiW = {x,y) (as a closed subset). If 
codimx xyW > codimxxY'{x,y), then the restriction map 

i* :G^{Xx Y;A) ^ G^^'^'(X x Y';A) 

is the zero map. 
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Proof. The proof is a modification of Quillen's proof of Gersten's conjecture. Mak- 
ing a base-change to k{x, y), and noting that Gq''^\x x Y; A)) = Go{{x, y); A), we 
may assume that k{y) = k{x) = k. Since _ft'-theory commutes with direct hmits (of 
rings) we may replace Y and Y' with finite type, smooth affine fc-schemes, and we 
are free to shrink to a smaller neighborhood of y in y as needed. 

Let C y be the closure of p2(W). Note that the condition codiuix xyW > 
codmixxY'{x, y) implies that dim^ W < dim^ Y, hence is a proper closed subset 
of Y. Take a divisor D CY containing W. Then there is a morphism 

TT : F ^ A", 

n = dimfe Y — 1, such that n is smooth in a neighborhood of y and tt : D — > A" is 
finite. Let 

W' := Tr-^{TT{W)). 
Choosing tt general enough, and noting that 

codimx xyW = codim^xrW^ — 1 > codimx xv {x , y) = dimkX x Y' , 

wc may assume that W' n X x F' is a finite set of closed points, say T. Let S C D 
be the finite set of closed points 7r~^(7r(y)) fl D. 

The inclusion D ^Y induces a section s : D ^ Y x^^ D to P2 -.Y x^n D ^ D; 
since tt is smooth at y', s{D) is contained in the regular locus oi Y Xa" D and 
is hence a Cartier divisor on Y Xa" D. Noting that pi : F Xa" -D ^ F is finite, 
there is an open neighborhood U of 5 in F such that s(£>) flF Xa" f/ is a principal 
divisor; let t be a defining equation. Let Du := D nU. 

This gives us the commutative diagram 

F x^.U^^U 

S P 

Du 

with q finite. Thus we have, for M e Mdu;Aj the exact sequence 
^ q4p*M) q*{p*M)) ^ i.M ^ 

natural in M. 

Note that, if M is supported in W, then q^{p*M) is supported in W . Letting 
i' -.W ^ W be the inclusion, our exact sequence gives us the identity 

[<M] = in G^CFM), 

hence 

r([i'^M]) =OinG^'n^'(F';^). 
Let i : {x,y) ^ T be the inclusion. We have the commutative diagram 

G^{XxY;A) of {XxY'; A) 

i* i* 

G^^'^\X X Y';A),^^G^{X x Y';A). 
Since T is a finite set of points containing {x,y), 

Gl{X X F'; A) = G'^^'^'Xx X F'; A) G^^^^^'^^^CX x F'; A), 
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with the inclusion of the summand Gq {X x Y'\A), from which the result 
follows directly. □ 

For a closed immersion i -.W ^ X xY, restricting to the generic points of W 
and using the canonical weak equivalence 

G{W;A)-^G^{XxY-A) 

gives the map 

^w-Gf{Xy.Y-A)^lC-^{W). 
Each map of pairs f : {i' : W ^ X x Y') {i : W ^ X xY) induces a 
commutative diagram of inclusions 

XxY'\W' )■ XxY' 



X xY\W >Xx Y- 

Noting that id x / : X x F' ^ X x "K is an lei morphism, we may apply G{—) to 
this diagram, giving us the induced map on the homotopy fibers 

r ■.G^{XxY-A)^Gf{X'-A). 

Thus, we have the diagram 

/* 



Gf{X X Y; A) G^'{X x Y'; A) 



<Pw' 



In order that /* descend to a map 
it therefore suffices to prove: 

Lemma 3.5.3. (1) For each i -.W ^ X xY, the map ipw is surjective. 

(2) ipw'{f*{\<iCTipw)) = 0. 

Proof. The surjectivity of (pw follows from Quillen's localization theorem, which 
first of all identifies Kq^{X xY;A) with Gq{W]A) and secondly implies that the 
restriction map 

r : Go{W;A) ^ Go{k{W);A) = Ko{k{W);A) 

is surjective. 

For (2), we can factor / as a composition of a closed immersion followed by 

a smooth morphism. In the second case, f~^{W \ Specfc(VF)) is a proper closed 
subset of W , hence classes supported in \ Spec A; (H^) die when pulled back by 
/ and restricted to kiW'). Thus we may assume / is a closed immersion. 

Fix a generic point w' — {x,y) of W'. We may replace X with SpecOx,x and 
replace Y with SpecOY,y Making a base-change, we may assume that k{x,y) is 
finite over k. Since X XkY is smooth, it follows that 

codimx xyW > codimxxy'(a;, y). 
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Let W" C is a closed subset of W containing no generic point of W. Then 

codirnxxyW" > codimxxY'{x,y), 

hence by lemma 3.5.2 the restriction map 

G^"{X xY;A)^ Gn{x,y){X x Y';A) 

is the zero map. By Quillen's localization theorem we have 

kei ipw = lmiG^"{X x Y;A) 

over such W", which proves the lemma. □ 

3.6. The cycle complex. Let T be a finite type fc-scheme. We let dimfc T denote 
the KruU dimension of T; we sometimes write cIt for dim/j T. 

We fix as above a finite type fc-scheme X and a sheaf of Azumaya algebras A on 
X. We have the cosimplicial scheme A* with 



A" := Specfc[io,...,i„]/^ii-l 



and the standard coface and codegeneracy maps. A face F of A" is a closed 
subschcmc of the form ti^ =...,= ti^ = 0. We let <S^(n) be the set of closed 
subsets C X X A" with 

dimfc WnX X F <r + dim^ F 

for all faces F C A". We order {n) by inclusion. If g : A™ A" is the map 
corresponding to a map g -.[m] ^ [n] in Ord, and W is in S^{n), then g^^iW) is 
in S^{m), so n ^ [n) defines a simphcial set. We let Xr{n) C {n) denote 
the set of irreducible W G S^{n) with dim^ W = r + n. 

Definition 3.6.1. 

Zr{X,n;A) := ®weXr.{n)Ko{k{Wy,A). 

Remark 3.6.2. Let W C X x A" be a closed subset. Then restriction to the generic 
points of W gives the isomorphism 

IC^iW c X X A") ^ S),,ewwKoik{wy,A). 

Thus, we can identify Zr{X,n; A) with the quotient: 

Zr{X,n;A)^ -^W65, (n) 



'^w'es?_,in)'^oiW'CXxAn) 

Suppose each irreducible W G S^_i{n) is contained in some irreducible W G 
S^{n) with dimfc W = r + n; as the map 

is in this case the zero-map, it follows that 

Zr{X, n; A)^ lim K:^{W C X x A") 

if this condition is satisfied, e.g., for X quasi-projective over k. 



MOTIVES OF AZUMAYA ALGEBRAS 



35 



Let g : A™ A" be a map corresponding to g : [m] ^ [n\ in Ord. By 
lemma 3.5.3 and the above remark, we have a well-defined pullback map 

id X 5* : Zr{X,n;A) — > Zr{X,m;A), 

giving us the simplicial abcHan group n i— > Zr{X,n;A). We let {zr{X , A) , d) 
denote the associated complex, i.e., 

n 

rf„ := ^(-l)'(id X : Zr{X, n; A) ^ Zr{X, n - 1; A). 

i=0 

Definition 3.6.3. We define the higher Chow groups of dimension r with coeffi- 
cients in A as 

CRr{X,n;A) -.^ Hn{zr{X,*;A)). 

3.7. Elementary properties. The standard elementary properties of the cycle 
complexes arc also valid with coefficients in A, if properly interpreted. 

Projective pushforward. Let f : X' ^ X he a proper morphism. For Y € Sm/fc 
and W C X' X Y , we have the pushfoward map 

/ X id. : Gf{X' X Y,rA) ^ Gi'''"'^^\x x Y;A) 
Also, \i g -.Y' ^ Y is & morphism in Sm/fc, then the diagram 

, /xid 

X' X Y' > X xY' 



idxg 



idxg 



X' xY — — ^ XxY 

/xid 

is cartesian and Tor- independent, and the vertical maps are lei morphisms, from 
which it follows that the diagram (with W = (id x g)~^{W)) 



Gf(X' X Y') — ^^g/^''*(^')(X X Y' 



id X fir* 



idxg* 



idxg 



Gf{X' X Y) ^-4 Go^-^(^)(X X Y) 

is commutative. 

Thus, then maps (/ x idA")* induce a map of complexes 

/* : Zr{X', *; f*A) Zr{X, *; A) 

with the evident functoriality. 

Flat pullback. Let f : X' —> X he a fiat morphism. For Y G Sm/k and W C XXkY, 
we have the pull-back map 

/ x id* : G^{X xY,A)^ C?^^^'^'"'<^^(X' x Y, f*A) 

commuting with the pull-back maps id x g* for g : Y' ^ Y a map in Sm/k. Since 
/ is fiat, the codimension of W is preserved, hence the pullback maps / x id^„ 
induce a map of complexes 

r ■.Zr{X,*;A)^Zr{X',*;rA) 
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functorially in /. 

Elem,entary moving lemmas and homotopy property. 

Definition 3.7.1. Fix a F G Sm/k and let C be a finite set of locally closed subsets 
of Y. Let X X Y^{n) be the set of irreducible dimension r + n closed subsets W of 
X X F X A" such that is in X x Yr{n) and for each C e C 

W n X X C X A" is in 5^^^(n). 

We have the subcomplex Zr{X x Y,*; J^)c of Zr{X x Y,*;T), with 

Zr{X X Y,n;T)c = ®WeX>,YC(n)^t{W). 

Exactly the same proof as for [5, lemma 2.2], using translation by GL„, gives 
the following: 

Lemma 3.7.2. Let C be a finite set of locally closed subsets ofY, with F = A" or 
Y = P"~^. Then the inclusion 

Zr{X X Y, *; A)c Zr{X X Y, *; A) 

is a quasi-isomorphism. 

Similarly, we have 
Lemma 3.7.3. The pull-back map 

Zr{X,*;A) Zr+i{X X A^;A) 

is a quasi-isomorphism. 

3.8. Localization. Let j : U ^ X he an open immersion with closed complement 
i : Z ^ X. Let Y be in Sm/fc. If C X x F is an irreducible closed subset 
supported in Z x Y, then « x id induces an isomorphism 

^ X id, : G^(X x Y,i*A) G^(X x Y;A), 

which in turn induces the isomorphism 

Similarly, if the generic point of W lives over ?7 x F, then we have the surjection 

j X id* : G^{X xY;A)^ G^^^^^(C/ x Y,j*A) 
inducing an isomorphism 

j* : }C^{W) ^ JCC^iW nUxY) 
This yields the termwise exact sequence of complexes 

(3.8.1) 0^ Zr{Z,*,l*A) ^Zr{X,*;A) ^Zr{U,*,fA) 

It follows from the main result of [21] that 
Lemma 3.8.1. The inclusion 

f{Zr{X,*A))CZr{U,*,rA) 

is a quasi-isomorphism 
hence 
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Corollary 3.8.2. The sequence (3.8.1) thus determines a canonical distinguished 
triangle in D~{Ah), and we have the long exact localization sequence 

. . . ^ CRriZ, n, i*A) ^ CRriX, n; A) 

^ C}lr{U,nJ*A) C}ir{Z,n-l,i*A) ^ ... 

This in turn yields the Mayer- Vietoris distinguished triangle for X = U UV, 
U,V C X Zariski open subschemes 

(3.8.2) ZriX, *; A) Zr{U, *; Au) ® Zr{V, *; Av) 

Zr{U n V, *; Aunv) ^ Zr{X, *-l;A) 

3.9. Extended functoriality. Assume now that X is equi-dimensional over k (but 
not necessarily smooth). A modification of the method of [19], derived from Chow's 
moving lemma, yields a functorial model for the assignment Y > z^{X x Y,*; A); 
as we will not need the functoriality in this paper, we omit a further discussion of 
this topic. 

3.10. Reduced norm. For X G Sch^, A = k, the complex Zr{X,*;k) is just 
Bloch's cycle complex Zr{X, *). Indeed, for a field F, we have the canonical iden- 
tification of Kq{F) with Z by the dimension function, giving the isomorphism 

Zr{X,n;k) = ®weX(,^{n)Ko{k{w)) ^ ®wex^,^(n)'^ = Zr{X,n). 

In addition, if W C X x A" is an integral closed subscheme of dimension d, i : 
A"~^ — > A" is a codimension one face and if W is not contained in X x j(A"~^), 

then it follows directly from Scrrc's intersection multiplicity formula that the image 
of (id X i)*{[Ow]) in ®we(XxA'^-^)ia_i)Ko{k{w)) goes to the pull-back cycle (id x 
i)*([VK]) under the isomorphism 

®we{xxA«-^)^^_,^Ko{k{w)) ^ Zd-i{X x A"-^). 

Now take .4 to be a sheaf of Azumaya algebras on X. The collection of reduced 
norm maps 

Nrd^„„„, : Ko{k{wy,A) ^ Ko{k{w)) 
thus defines the homomorphism 

Nrdx,„;yt : Zr{X,n;A) Zr{X,n). 
Lemma 3.10.1. The maps Nrdx,n;^ define a map of simplicial abelian groups 
n i-> [NTdx,n-A ■ Zr{X, n; A) Zr{X, n)]. 

Proof. We note that the maps Nrdx',n;.4 for X' ^ X etale define a map of 
presheaves on X^. Both Zr{X,n;A) and Zr{X,n) are sheaves for the Zariski 
topology on X and Nrdx.„:_4 defines a map of sheaves, so we may assume that 
X is local, li X' ^ X is an etale cover, then Zr{X,n;A) Zr{X' ,n; A) and 
Zr{X, n) — > Zr{X', n) are injective, so we may replace X with any etale cover. Since 
A is locally a sheaf of matrix algebras on X(.i, we may assume that A = Af„(C'x)- 
In this case, Nrdjf^„;^ is just the Morita isomorphism; we thus may extend Nrdx,ra;^ 
to the Morita isomorphism 

Nrd^ : G^{X x A"; A) {X x A") 
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for every W G S^.-^ (n). But the pull-back maps g* : Zr{X, n; A) Zr{X, m; A) and 
g* : Zr{X,n) Zr{X,in) for g ; [m] [n] in Ord are defined by lifting elements 
in Zr(X,n;A) (rcsp. Zr{X,n)) to G^iX x A";^) (rcsp. {X x A")) for some 
W, applying (id x g)* and mapping to Zr{X,m; A) (resp. Zr{X,m)). Thus the 
maps Nrdx,n;^ define an isomorphism of simplicial abelian groups, completing the 
proof. □ 

Thus we have maps 

Nrdx,^ : Zr{X,*;A) ZriX,*) 

Nidx:A ■■ G}ir{X,n;A) CH^(X,n) 

The naturality properties of Nrd show that the maps Nrdx,^ are natural with 
respect to flat pull-back and proper push forward (on the level of complexes). 



4. The spectral sequence 

We are now ready for the first of our main constructions and results. We begin 
by discussing the homotopy coniveau tower associated to the G-theory of sheaf 
of Azumaya algebras ^ on a scheme X. Our main result (theorem 4.1.3) is the 
identification of the layers in the homotopy coniveau tower with the Eilenberg- 
Maclane spectra associated to the twist cycle complex Zp{X,*; A). The proof is 
exactly the same as for standard iiT-theory K{X) (see [20, 18]), except that at one 
point we need to use an extension of some regularity results from K{—)toK{—;A); 
this extension is given in Appendix B. 

We then turn to the case X = Spec k, where we have the motivic Postnikov 
tower for the presheaf K-^. We show how our computation of the layers in the 
homotopy coniveau tower for K^{X) = K{X; A fgife Ox), for each X G Sm/fc, lead 
to a computation of of the layers in the motivic Postnikov tower for K^. This 
completes the proof of our first main theorem 1 (see theorem 4.5.5). We conclude 
this section with a comparison of the reduced norm maps in motivic cohomology 
and ii'-theory, and some computations of the Atiyah-Hirzebruch spectral sequence 
in low degrees. 

4.1. The homotopy coniveau filtration. Following [18] we define 
G(p) {X, n; A) := lim G^(X x A"; A) 

giving the simplicial spectrum n i-^ G(^p){X,n; A), denoted G(^p^{X, A). Note 
that, for all p> dx, the evident map 

G^p^{X,-,A)^G{X xA*;A) 

is an isomorphism. 

Remark 4.1.1. In order that n >—>■ G(^p^{X,n; A) form a simplicial spectrum, one 
needs to make the G-thcory with support strictly functorial. This is done by first 
replacing the categories A4xxA^{A) with the full subcategory A4xxA"{Ay of A 
modules which arc coherent sheaves on X x A" and are flat with respect to all 
inclusions X x F ^ X x A", F c A" a face. Quillen's resolution theorem shows 
that 

KiMxxAniA)') ^ K{MxxAn{A)) 
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is a weak equivalence. One then uses the usual trick of replacing MxxA^iA)' 
with sequences of objects together with isomorphisms (indexed by the morphisms 
in Ord) to make the pull-backs strictly functorial. 

A similar construction makes Y t-^ G{X Y,A) strictly functorial on Sm/k; 
we will use this modification from now on without further mention. 

Since G{X x —■,A) is homotopy invariant, the canonical map 

is a weak equivalence (on the total spectrum). This gives us the homotopy coniveau 

tower 

(4.1.1) 

. . . ^ (X, -;A)^ iX,-,A)^...^ (X, -;A)^ G{X; A). 

Setting G(pfp-r){X, —; A) equal to the homotopy cofiber of G^p-r){X,—;A) — >■ 
G(p){X, —;A), the tower (4.1.1) yields the spectral sequence 

(4.1.2) E^'O = 7r_p_,(G(,/,_i) (X, -,A))^ G_p_,(X; A) 

Remarks 4.1.2. 1. Let T be a finite type fc-scheme, W C T a. closed subscheme 
with open complement j : U T and A a sheaf of Azumaya algebras on T. We 
have the homotopy fiber sequence 

G^{T;A) G{T;A) G{U;j*A) 

In addition, the spectra G(T; A) and G{U ; j*A) are -1 connected, and the restriction 
map 

f ■.Go{T:A)^Ga{U;rA) 
is surjective. Thus G^{T;A) is -1 connected, hence the spectra G(^p^{X,n; A) are 
-1 connected for all n and p. 

2. Noting that {n) = for p + n < 0, the -1 connectedness of G(^p){X,n; A) 
implies that 

7rAr(G(p)(X,-;^)) = 
for A'' < —p, i.e., that G(p) (A, — ; ^) is — p — 1 connected. This in turn implies that 
^(p/p-r) i-^' ~i is —p — 1 connected for all r > 0, that the natural map 
G{X;A) ^ holimG(<i^/_„)(A;^) 

n 

is a weak equivalence and that the spectral sequence (4.1.2) is strongly convergent. 

Our main result in this section is 

Theorem 4.1.3. There is a natural isomorphism 

7r„(G(p/p_i)(A, -; A)) ^ CRp{X, n; A). 

Corollary 4.1.4. There is a strongly convergent spectral sequence 

El''^ = CH,(A, -p - q- A)) =^ G.p.,{X; A) 

The proof is in three steps: we first define a natural "cycle map" 

eye : 7r„(G(p/p+i) (A, -■,A)) ^ CHp(A, n; A). 

which will define the isomorphism. We then use the localization properties of 
G(p/p+i)(A, —-jA) and CHp(A, *;A) to reduce to the case A = Speci^, F a field, 
and finally we apply theorem 1.8.4 to complete the proof. 
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4.2. The cycle map. Let T be a finite type /c-scheme, W G T a, closed subscheme 
with open complement j : U ^ T and A a sheaf of Azumaya algebras on T. We 
have the homotopy fiber sequence 

G^iT;A) G{T;A) G{U;j*A) 

In addition, the spectra G{T; A) and G{U ;j*A) are -1 connected, and the restriction 
map 

j* :Go{T;A)^Go{U;j*A) 
is surjcctivc. Thus G^{T;A) is -1 connected. In particular, this implies that the 
spectra G(^p^{X,n;A) are all -1 connected. A similar argument shows that the 
spectra G(^p/p-r){X , n; A) are all -1 connected. 

As we have scon in remark 4.1.2(1), the the spectra G(p/p_i) (X, n; ^) arc all 
-1 connected. Let EM{TToG(^p/p-i-){X,nA)) denote the Eilenberg-Maclane spec- 
trum with TTo = 7ToG(^p/p^i-j{X,nA) and all other homotopy groups 0. Since 
G(p/p-i){X,n;A) is -1 connected, we have the map of spectra 

Vn ■■ G{p/p-i) {X, n; A) EM{TroG^p/p_i) {X, n; A)) 

natural in n. Letting EM{TToG(^p/p^i){X, —; A)) denote the simplicial spectrum 
n H- > EM['!TQG(^pfp_ij{X,n; A)), this gives us the natural map of simplicial spectra 

if : G'(p/p_i)(X, A) EM{ttqG^p/p_i) {X, -; A)). 

Lemma 4.2.1. There is a natural map 

tpn ■■ 7ro(G(p/p_i)(X, n;^)) Zp{X,n;A), 

which is an isomorphism if X = SpecF, F a field. 

Proof. Let W C X x A" be a closed subset with generic points wi,. . . ,Wr. We 
have the evident restriction map 

G^{X X A"; .4) = Go{W;A) ^ ®iGo{k{wi);A). 

Since Z^{W) = (BiGo{k{wi); A) , we may define 

tpn ■■ 7ro(G(p/p_i)(X,n;.4)) Zp{X,n;A) 

by projecting (SiGQ{k{wi); A) on the factors coming from the generic points of 
W € Sp {n) having dimension n + r over k. By lemma 3.5.3, tpn is natural in n. 

Suppose now that X = Spec F, F a. field; making a base-change and replacing p 
with p — dimfe X, we may assume that F = k (note that in this case we may assume 
p <0). Thus implies that X x A" = A^. It is easy to see that, for each W G Sp{n), 
the intersection of —p hypersurfaces of sufficiently high degree, containing W, is in 
Sp{n) and has pure dimension p + n. Thus the closed subsets W S Sp{n) of pure 
dimension p + n are cofinal in >S^ (n) . 

Identify Zp{X,n;A) with the direction sum ®wGo{k{w); A) as w runs over the 
generic points of dimension r -\-nW & Sp{n). Prom the localization sequence, we 
see that the map 

Urn Go{W-A) ^ ®n,Go{k{w)-A) 

is surjective, with kernel the subgroup generated by the image of groups 6*0(^1^'; A) 
with dim VF' < p + n and W C W for some W G Sp {n). The result thus follows 
from lemma 4.2.2 below. □ 
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Lemma 4.2.2. Suppose that X = Specfc. Let W C A^' be a closed subset with 
W G Sx{n) and codiniA»M^' > q- Then the natural map 

Go{W';A)~^ lim Go{W;A) 

is the zero-map. 

Proof. This is a modification of the proof of Sherman [32] that the Gersten complex 
for A" is exact. We may assume that k is infinite. Take a general linear linear 
projection 

TT : = ^ A^-i 
and let W = Tr-'^{n{W')). Then 

n:W' ^ A^-i 

is finite and W is in S'^{n). In addition, tt makes A" into a trivial A^-bundle over 
A"-i. Thus the canonical section s : W ^ W Xj,^-i A" makes W Xa"-i A" W 
into a trivial line bundle over W, hence s{W') C W Xf^r^-i A" is a principal Cartier 
divisor. Letting t be a defining equation, we have the functorial exact sequence 

^ P2*P*i{M) ^ P2*P\{M) ^ u(M) ^ 

where pi : W Xa^-i A" W, p2 : W x^n-i A" — *■ C A" are the projections 
and i : W ^ W is the inclusion. Thus 

I, : Go{W';A)^GoiW;A) 

is the zero-map, completing the proof. □ 

We denote the composition EM{ipn) o ip^ by 

cyc„ : G^p){X,n;A) ^ EM{zp{X,n; A)) 

and the map on the associated simplicial objects by 

eye : -; A) ^ EM{zp{X, -; A)) 

4.3. Localization. Consider an open subscheme j : U ^ X with closed com- 
plement i : Z ~> X. We let iS^^(n) C S^{n) denote the set of closed subsets 

C t/ X A" such that 

(1) W is in 5f (n) 

(2) The closure T4^ of 1^ in X x A" is in S^{n). 
Define the spectrum G(^r){Ux,n; A) by 

G^r){Ux,n;fA):= lim G"^ {U x ; f A) 

wes""" (n) 

giving us the simplicial spectrum G(^r){Ux, — ',A). The restriction map 

j* : G(^r)iUx,n;A) ^ G(^r){Ux,n;A) 
factors through G(^r){Ux,'n;A), giving us the commutative diagram 

G(,) (X, - ; A) G(r){Ux,-,A) 
G(,)(f/,-;.4) 
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Lemma 4.3.1. The sequence 

G^r){Z,-;i*A) ^ G^,){X,-,A) ^ G^r){Ux,-,A) 
is a homotopy fiber sequence. 

Proof. In fact, it follows from the localization theorem for G{—;A) that, for each 
n, the sequence 



G^j.){Z,n]i*A) ^ G^r){X,n;A) ^ G^r)iUx,n;A) 
whence the result. 

The localization results of [21] yield the following result: 
Theorem 4.3.2. The map 

<fi : G^r-){Ux,-,A) G(r){U, -,A) 

is a weak equivalence. 

Thus, we have 
Corollary 4.3.3. The sequences 



□ 



G(r){Z,-XA)^G^r){X,-,A)^G^r){U,-,A) 



and 



G{r/r^s){Z,~\i*A) ^ G{r/r-s){X,-;A) ^ G [r /r-s){U , A) 

are homotopy fiber sequences. 

In addition, we have 
Lemma 4.3.4. The diagram 

G(r/r-l){Z, -;i*A) ) G(r/r-l){X, -]A) — > G(r/r-l){U, -]A) 



eye 



eye 



eye 



EM{zr{Z, -,i*A)) — — > EM{zr{X, -,A)) EM{zr{U, -,j*A)) 
defines a map of distinguished triangles in SH. 

Proof. It is clear the maps cyc„ are functorial with respect to the closed immersion 
i and the open immersion j, hence the diagram 

TrQG(^r/r-i){Z,n;i*A) > noG^r/r-^iX^niA) ^ > TToG(^r/r-i){Ux,Ti;A) 



cye„ 



-4- Zr{X,n;A) ■ 



Zr{Z, n; i*A) : — 

i, J 

commutes for each n. Similarly, the diagram 

noG(^r/r-i){Ux,n;A) > 'KoG^r/r-i){U,n;A) 

cyc„ eyc„ 

Zr{Ux,n;A) > Zr{U,n;j*A) 



ZriUx,n;j*A) 
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commutes for each n. The result follows directly from this. □ 
Proposition 4.3.5. Suppose that the map 

cyc(X) : G(r/r-l){X,-,A) ^ EM{Zr{X,-,A)) 

is a weak equivalence for X = SpecF, F a finitely generated field extension of k. 

Then cyc{X) is a weak equivalence for all X essentially of finite type over k. 

Proof. This follows from corollary 3.8.2, corollary 4.3.3, lemma 4.3.4 and noetherian 
induction. □ 

4.4. The case of a field. We have reduced to the case X = Spec k, where we may 
apply the method of [18, §6.4], as explained in section 1.8. 

Let K-^ e Spt5i(A;) be the presheaf of spectra X K{X;A). We note that 

Lemma 4.4.1. 

(1) K-^ is homotopy invariant and satisfies Nisnevich excision. 

(2) K-^ is connected 

(3) ^ flriK-^). 

We have already seen (1); (2) follows from the weak equivalence K{—;A) 
G{—;A) on Sm/fc and (3) follows from the projective bundle formula. 

In particular, for Y in Sm/k and integer g > 0, we have the simplicial abelian 
group z'^{Y, — ; K-^) and the cycle map 

cyc^^ : s\Y, -; K^) ^ EM{z'^iY, -; K^)). 

Lemma 4.4.2. Let Y be in Sm/k, d = dim^F. Fix an integer q > and let 
r = d — q. There is a weak equivalence of simplicial spectra 

n ^ Lpn : s"{Y,n;K-^) G(^r/r-i){Y,n; A) 

and an isomorphism of simplicial abelian groups 

ni-njjn : z''{Y, n; K-^) Zr{Y, n; A) 

such that the diagram 

s«(F, -; K-^) ^ G(^r/r-i){Y, A) 



cyc^A {Y) 



cyc(y) 



EM{z\Y, n; K^)) ^ EM{zr{Y, -; A)) 

commutes in SH. 

Proof. We have the natural transformation of functors on Sm/fc 

K{--A)^G{--A) 
In particular, for T £ Sm/fc and W CT & closed subset, we have the map 

^T,w-K'^{T;A)^G'^{T-A) 

defining a natural transformation of presheaves of spectra on Imm^. Applying 
<f-,- to the colimit of spectra with supports forming the definition of s'(y, n; K-^) 

and G(r/r-i)(y^! 'T^; ^4) gives (p„. The map tpn is defined similarly, using the maps 
t^o{'~Pt,w)- The compatibility with the cycle maps follows directly from the defini- 
tions. □ 
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Thus, to prove that cyc(y) : G(^r/r-i){Y, — ; A) EM{zr{Y, ~;A)) is an isomor- 
phism in SH for all r and all Y e Sm/fc (in particular, for Y = Specfc), it suffices 
to show that 

cyc;^^(y) : s^{Y,-,K^)^EM{z\Y,n;K^)) 
is an isomorphism in SH for all q and all Y. For this, it suffices by theorem 1.8.4 
to show that K-^ is wcU-conncctcd. 

We have already seen that K-^ is connected (lemma 4.4.1(2)). By lemma 4.4.1(3) 
we need only show that 

for n ^ 0. 

We have shown in [18, theorem 6.4.1] that the theory Y t— > K(Y) is well- 
connected, in particular, that 'jTn{K{A^^Yy A)) = for n 7^ and for A = k. 
Using the results of appendix B, especially proposition B.5, the same argument 
shows TTn{K{A'^^Yy A)) = for n ^ for arbitrary A. This completes the proof of 
theorem 4.1.3. 

Remark 4.4.3. For later use, we record the fact we have just proved above, namely, 
that the presheaf Y K{Y;A) is well-connected. 

4.5. The slice filtration for an Azumaya algebra. By proposition 3.3.6, Z_4 is 

a birational motivic sheaf, hence the cycle complex z'^{X, *; ZA{q)['2q]) is defined. 

Theorem 4.5.1. Let A be a central simple algebra over a field k. For X e Sm/fc, 
there is an isomorphism of complexes 

z\X,*;A) z\X,*;ZAq)[2q]), 

natural with respect to proper push-forward and fiat pull-back. 

Proof. We first define for each n > an isomorphism 

^x,A,n ■■ z''{X,n;A) ^ z''{X,n;Z^{q)[2q\) 

Indeed, by definition 

zi{X,n;A) = e^ex(<»(„)^o^(fc(w)). 
By remark 2.3.4, we have 

z''iX,n;Z^{q)[2q\) = ®y,exi'.Hn)^A{k{w)). 

But Zj[ is just /Cq^ considered as a sheaf with transfers, giving us the desired 
isomorphism. 

This isomorphism ipx,A,n is clearly compatible with proper push-forward and 
flat pull-back. It thus suffices to show that the ipx,A,n are compatible with the face 
maps X X A"-i X x A". 

Let k ^ k' he an extension of fields. 

z''{X,n;A)^zi{Xk',n;A{q)[2q]) 
z''{X,n;Z^{q)[2q]) ^ z^Xk' ,n;Z^{q)[2q]) 

are injective, it suffices to check in case ^ is a matrix algebra. By Morita equiva- 
lence, it suffices to check for A= k. 

Recall from proposition 2.4.5 the isomorphism of simplicial abelian groups 

n ^ [px,n ■■ z\X,n;Z{q)[2q]) ^ z''{X,n) 
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and from §3.10 and lemma 3.10.1 the reduced norm map (of simplicial abelian 
groups) 

n ^ [Nvdx,n;A ■■ zi{X,n;A) ^ z\X,n)]. 

In case A = k, the maps ^rdx.niA a^re isomorphisms. It is easy to check that (for 
A= k) the diagram of isomorphisms 

z''{X,n;A) "^^^ 5- ^9 (X, n;Z{q) [2q] ) 

PX,n 

zi{X, n) 

commutes. Since both the Nrdx,n;.A and px,n define maps of simplicial abelian 
groups, it follows that the ipx,A,n are define maps of of simplicial abelian groups as 
well. ' ' □ 

Remark 4.5.2. Wc have the reduced norm map Nrd_4 : Z_4 Z (as a map of Nis- 
nevich sheaves with transfers) inducing a reduced norm map Nrd^((7) : li_^{q)[2q] 
Z{q)[2q] and thus a map of complexes 

NrdA{q)x : z<'{X,*;ZAiq)[2q]) ^ z«(X, *; Z(g)[2g]). 

We have as well the reduced norm map of §3.10 

NTdx;A--z''{X,*;A)^z\X,*). 

We claim that the diagram 



zi{X, *■ A) — > z'^iX, 



Nrdx;.A 



<Px,k 



zi{X, *; ZA{q)[2q]) ) zi{X, *; Ziq)[2q]) 

commutes. Indeed, on z'^{X,n;A) = (Bw^^o^ {k{wj), both compositions are just 
sums of the reduced norm maps 

Nrd : Ko{Ak(^)) ^ Ko{k{w)) = Z. 

Corollary 4.5.3. Let A be a central simple algebra over a perfect field k, Y ^ 
Sm/fc. Then there is an isomorphism 

: CR^iY, 2q -p;A)^ HP{Y, Z^iq)) 

natural with respect to flat pull-back and proper push-forward, and compatible with 
the respective reduced norm maps. 

Proof. This follows from theorem 2.3.3 and theorem 4.5.1. □ 

Corollary 4.5.4. Let A be a central simple algebra over a perfect field k, Y £ 
Sm/fc. Then there is a strongly convergent spectral sequence 

EP,i = HP-i{Y,ZA{-q)) =^ K_p_,{Y;A). 
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Proof. By corollary 4.1.4, we have the strongly convergent E2 spectral sequence 

EP^, = CH-«(r, -p -q;A)^ K_p-,{Y- A). 
By corollary 4.5.3 we have the isomorphism 

CB.-'i{Y,-p-q-A)^HP-'^{Y,Zj,{-q)) 
yielding the result. □ 
In fact, we have 

Theorem 4.5.5. Let Abe a central simple algebra over a perfect field k. Then there 
is a natural isomorphism 

Sn{K^)=EM{I.j^{n)[2n]) 

Proof. We first show 

Claim. The presheaf K-^ is the 0-space of a T -spectrum )C{A). 

Proof of claim. Take Y e Sm/k. For a A^k Or-module M, which is a locally free 
coherent Oy module, we associate the complex of sheaves on F x 

pl{M)^0{-l)^pl{M). 

This gives a functor from the category Vy.A to the category of perfect complexes 
of .4-modules on F x with support in y x 00. Taking /sT-theory spectra, this 
gives a natural map 

ey : K{Y;A) K^x°°{Y x P^;^) = {nTK^){Y) 

Using the maps ey, we thus build a T O spectrum 

IC{A):= {{K^,K^,...),e). 

Clearly 

K^ = n^{IC{A)) 

proving the claim. □ 

By the claim and remark 1.2.1, it suffices to prove the theorem for the case n = 0. 
We have the natural map 

giving the map of Nisnevich sheaves 

But we have the canonical isomorphism (see §1.6) 

so{K^){Y)^K{Al^y^,A) 
Since K-^ is well-connected, we have 

AW |0 for n 7^ 

where the map Ko{k{Y); A) 7ro(-f^(A^^y^, .4.)) is induced by the canonical map 
K{k{Y);A) — > K{A'^^Y)^-^)- particular, is an isomorphism on function fields; 
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Since both /C^ and Tro{so{K{-,A))) are birational sheaves, ip is an isomorphism. 
This gives us the isomorphism 

so{K^) = EM{Za), 

as desired. □ 

4.6. The reduced norm map. Let A be a central simple algebra over k. We have 
already mentioned the reduced norm map 

Nrd : Ko{A) ^ Ko{k) 

in section 3.2; there are in fact reduced norm maps 

Nrd : K^iA) ^ K„{k) 

for n = 0, 1, 2. For n = 0, 1, these may defined with the help of a splitting field 
L D k for A and Morita equivalence: Use the composition A c A^k L = M4{L) 

Kn{A) ^ Kn{AL) ^ Kr,{Mi{L)) ^ Kn{L). 

For n = 0, the map Ko{k) — > Kq{L) is an isomorphism; one checks that the resulting 

map K()(A) — > K()(k) is the reduced norm we have already defined. For n = I, one 
can take L to be Galois over k (with group say G) and use that fact that there is a 
1-cocycle {qo^} € Z^{G; PGLd(L)) such that A c M^{L) is the invariant subalgebra 
under the G action 

(cr,m) 1-^ g^'^mg-'^ 

As det : Ki{Md{L)) Ki{L) = the isomorphism given by Morita equivalence, 
one sees that the image of Ki{A) in lands in the G-invariants, i.e., in k^ = 

Ki{k). 

For n = 2, the definition of the reduced norm map (due to Merkurjev-Suslin in 
the square-free degree case [25, Th. 7.3] and to Suslin in general [35, Cor. 5.7]) is 
more complicated; however, we do have the following result. Let SplA be the set 
of field extensions L/k that split A. 

Proposition 4.6.1. Let L D k be an extension field. 
1. For n = 0, 1, 2, the diagram 



Nm^ /A Nm 



L/k 



Kn{A)^^Kn{k) 

commutes. Here Nm^^/^ : Kn{AL) Kn{A) is the map on the K -groups induced 
by the restriction of scalars functor, and similarly for Nm^^/fc. 

2. For n = 0, 1, the map 

Y,^^Al/a ■■ ®LeSpiAKn{AL) K„{A) 
is surjective. If A has square free index, Nm^^/^ is surjective for n = 2 as well. 
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For a proof of the last statement, see [25, Th. 5.2]. 

Let L D k he a field. Since Cli"^{L,n;A) = for m > n, due to dimensional 
reasons, we have the edge homomorphism 

Pr,,L;A ■■ CH"(L,n;A) ^i^„(Ai) 

coming from the spectral sequence of corollary 4.5.3. 
Let L/khe a finite field extension. We let 

Nm^/fe : CH«(yL,p; A) ^ CH«(r,p; A) 

denote the push-forward map for the finite morphism Yl — > Y. 

Lemma 4.6.2. Let L/k be a finite field extension, f : SpecL Spec A; the corre- 
sponding morphism. Then the diagram 



Nm 



L/k 



CH"(fc,n;A)^-^i^„(A) 



commutes. 



Proof. Let w be a closed point of A£, not contained in any face. We have the 
composition 

ML{w);A) - K{Al;A) - K-{Al,dAl;A) 

^Ko{Al,dAl;A)^Kr.{AL) 

The first isomorphism is via the localization sequence for K{—;A). We have the 
canonical map 

K'^iAl, dAl ■,A) ^ K'^iAl-A) 

which is a weak equivalence since w Cl 9A£ = 0, giving us the second isomorphism. 
The map a is "forget supports" and the last isomorphism follows from the homotopy 
property of K{—;A). Denote this composition by 

(}lr.;A--Mk{wy,A)^Kn{AL). 

Since z^{L,n;A) = (BwKo{k{w); A), where the sum is over all closed points w € 
Al \ dAl, the maps induce 

/?„,L;A : 2;"(i,n; A) ^ Kn{AL); 

we have as well the canonical surjection 

jn,L;A : z^iL,n:A) ^ CH"(L,n;A). 

It follows easily from the definitions that the diagram 

^"(L, n; A) CH"(L, n; A) 



commutes. 
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On the other hand, it is also a direct consequence of the definitions that, for 
X e the image of w under A£ A^, we have 

whence the result. □ 

Lemma 4.6.3. For all n > 0, the map 

^Nm^/fe : ®L^spuCW'{L,n;A) ^ CH"(A;,n;^) 
z, 

is surjective. 

Proof. In fact, the map 

/k '■ ®LeSpi>i-2"(-^) ^) z'^{k,n;A) 

L 

is surjective. Indeed, let a; be a closed point of AjJ \ dA^. Then 

^fe(-) = ^'^"(^) 

for some division algebra D over A;(x). Letting L C -D be a maximal subfield of D 
containing k{x), L splits D, hence L/k splits A. Since L D k{x), there is a closed 
point w S A£ \ 9A£ lying over x with = w, i.e., is an L-point. 

Since L is a maximal subfield of D, the degree of L over k{x) is exactly the index 
of Nrd(i^o(-D)) C Ko{k{x)). Thus the norm map 

Nmi/fc(^) : Ko{Al) KoiA^^)) 

is surjective, i.e. ifo(Afe(j,)) ■ x is contained in the image of Nmi^/fc(2;"(L, n; A)). As 

z''{k,n;A) = ex^o(^fe(x)) 

with the sum over all closed points x e A^ \ dA^, this proves the lemma. □ 

Recall from §3.10 the reduced norm map 

Nrdx;.4 : z'^iY, *; A) z''{Y, *). 

Lemma 4.6.4. Let j : k ^ L be a finite extension field, Y € Sm/k. Then the 
diagram 

Nrdy. A 

z1{Yl,-,A) ^z'^{Yl,-) 



Nm 



L/k 



Nm 



L/k 



''Or,-,A)^z\Y,-) 



commutes. 



Proof. Take w G Y^^ [n] and let x £ Y^"^^ [n) be the image of w under Yl x A" 



' L 

Y X A". It is easy to check that the diagram 



Hw)/Hx) 

Ko{Ak^^)) Ko{k{x)) 



Nmi, 
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commutes, from which the lemma follows. 



□ 



Proposition 4.6.5. For n = 0, 1, 2 the diagram 

CH"(A;,n;A)^^/<:„(A) 



Nrd 



Nrd 



CYL^{k,n)-^K^{k) 

commutes. 

Proof. Let j : A: L be a finite extension field of k. We have the diagram 
CH"(L, n- Al) > Kn{AL) 



Nrd 



CH"(fc,n;A) 



Pn.,k;A 



CH"(L,n)' 



Nrd 



Ninj:,/fc 



Nrd 



Nm 



L/k 



Nrd 



CH"(A;,n) 



Pn,k 



The left hand square commutes by lemma 4.6.4, the right hand square commutes 
by proposition 4.6.1, the top and bottom squares commute by lemma 4.6.2. 

Now suppose that L splits A. Then, after using the Morita equivalence, the maps 
Nrd are identity maps, hence the back square commutes. Thus for b G CH"(L, n; A), 
a = Nmi/fe(&) € CH"(/c,n; A), we have 

Nrd(p„,fc,A(a)) = Pn,fc(Nrd(a)). 

But by lemma 4.6.3, CH"(fc,n;A) is generated by elements a of this form, as L 
runs over all splitting fields of A, proving the result. □ 

4.7. Computations. 

Theorem 4.7.1 (see also theorem 4.8.2 ). Let A be a central simple algebra over k. 
1. For n = 0, 1, the edge homomorphism 



C}r{k,n;A) K„{A) 



is an isomorphism. 

2. The sequence 

0^CH^(fc,3;yl) 
is exact. 



CH2(fc, 2; A) K'2,{A) CR\k, 2;A)^0 
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Proof. We first note that CH™(fc,n;j4) — ioi m > n for dimensional reasons. 
In addition — ; A) is the constant simplicial abelian group n i— > Ko{A), hence 
CH°(fc,n; A) = for n ^ 0. (1) follows thus from the spectral sequence of corol- 
lary 4.1.4. 

For (2), the same argument gives the exact sequence 
0^CR\k,3;A) ^^^CR''ik,2;A) K2iA) ^Cli\k,2;A) ^0. 

□ 

4.8. Codimension one. We recall the computation of the codimension one higher 
Chow groups due to Bloch: 

Proposition 4.8.1 (Bloch [5, theorem 6.1]). Let F be a field. Then 




for n = 1 

for n ^ 1 



Note that CH^(i^, 0) = for dimensional reasons. To show that CH^(F,n) = 
for n > 1, let _D = riiDi be a divisor on A^, intersecting each face properly, i.e., 
containing no vertex of in its support. Suppose that D represents an element 
[D] G CH^(i^, n), that is, dn{D) = 0. Using the degeneracy maps to add "trivial" 
components, we may assume that D ■ A"^^ = for all j, where AJ~^ is the face 

tj = 0. 

As A^ = A^, the divisor D is the divisor of a rational function / on A^. Since 
D intersects each A^'^^ properly, the restriction fj of / to AJ~^ is a well-defined 
rational function on A""-^; as D ■ A""-^ = 0, Div(/j) = 0, so fj is a unit on A"~\ 
that is, fj = ttj for some aj G . Since A"^^ n A"~-^ ^ for all j, Z^, all the 
are equal, thus fj = a £ k^ for all j. Dividing / by a we may assume that fj = 1 
for all j . 

Now let V be the divisor of g := - (1 - 1) on A^ x A),, where A], Spec . 
As the restriction of g to A"~^ x AMs 1, 7? defines an clement [V] € CB.^{Ap,n) 
with io{[V]) = [D], ilip]) = 0. By the homotopy property, [D] = 0. 

We use essentially the same argument plus Wang's theorem [43] to complete 
theorem 4.7.1 as follows: 

Theorem 4.8.2. Let A be a central simple algebra over a field F. Suppose A has 
square-free index. Then CH^(F, n; A) — for n^\, and the edge homomorphism 

CE.^{k,2;A) K2{A) 

is an isomorphism. 

Proof. We reduce as usual to the case where degA = p is prime. As above, the 
case n = is trivially true. We mimic the proof for Gil^{F, n) in case n > 1. 

li A = Mp{k), then CB.^{F,n;A) = CH^(F,n), so there is nothing to prove; we 
therefore assume that ^ is a degree p division algebra over k. Then A admits a 
splitting field k' of degrecp over fc; since CH^(i^ 0^ fc', n; A) = CH"^(F0fe fc', n) = 
for n > 1, a norm argument shows that CB.^ {F,n; A) is p-torsion. 

We have seen in lemma 4.2.2 that the argument of Sherman [32, theorem 2.4] 
for the degeneration of the Quillen spectral sequence for K{Ap) goes through word 



'This is where we use the hypothesis n > 1 
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for word to give the degeneration of the QuiUen spectral sequence for K{Ap:A). 
We will use this fact throughout the remainder of the proof. 

Take a divisor D representing a class [D] e CB.'^ {F,n; A). Let M^'^\X;A) 
denote the category of A -modules which are coherent as Ox-modules and 

are supported in codimension at least one on X. Since Ko{Ap; A) = Ko{A) by the 
homotopy property, the localization sequence 

Ki{A(E)F F{A")) ^ Ko{M^^HA";A)) ^ Ko{A";A) ^ Ko{A(g>F FiA'^)) 
for ii:(A^; A) gives us an element f e Ki{A<^f F{A")) with 

df = D. 

In fact, since D intersects each Aj~^ properly, we may find such an / G (A (g) 
Oa",9A")^, where 

9A" := UjA'^-K 
We have the localization sequence 

^ Ki{A]-^;A) ^ Ki{k{A]-^y,A) ^ KoiM^'H^T''^ "^^^ ^ 
By the degeneration of the QuiUen spectral sequence on A"^^, it follows that 
Ko{M^'HA]-';A)) = ®^^^^n-iy,,Ko{A ®fc k{w)) 

Thus, the fact that A""^ •£» = implies that restriction of / to fj G (^(g)fc(A""^)^ 
lifts uniquely to Ki{A"~^; A) = Ki{A). Note that we have the surjection A^ 
Ki{A); similarly, we may lift / to an element / G (A (g) Oa"!?;})^ with restriction 
fj to A]-\ 

Let a+A" = U^^iA^-^ The degeneracy maps give compatible splittings to the 
inclusions A"~^ A", so we can modify / so that = 1 G (A (g) fc(A"~-^)^. 

Now let L := A;(Ao"^) and consider /o G (Al)^ . Restricting to Aq"^ fl A""^ 
shows that /o = 1 G Ki{Al). Furthermore, the reduced norm map 

md : Ki{Al) ^ Ki{L) = L"" 

is injective [43], and finally, for a G {Al)^ , we have 

Up for a G 

^^L{a)/L{a) for a gAIXL"" 



Nrd(a) 



Now, L(/o) is a subfield of Al of degree < p over L. But since A is a division 
algebra and L is a pure transcendental extension of fc, is still a division algebra, 
and hence either L{fo) = L or L(/o) has degree exactly p over L. In the former 
case, 1 = Nrd(/o) = /g , and since fj = 1, it follows that /o = 1 as well. 

In case i(/o) has degree exactly p over L, then Nm^^j^j^^(/o) = 1. Let M D 

L(/o) be the Galois closure of i(/o) over L, let Mq C M be the unique sub- 
field of index p, and let a G Gal(M/L) be the generator for Gal(M/Mo). Then 
^^M/Moifo) = 1, SO by Hubert's theorem 90, there is a 5 G with 

Looking at the proof of Hilbert's theorem 90, we see that we may take g in the 
integral closure of O^n-i g+^„_i, with g =1 over all generic points of 9+A"~^. 
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By the Skolem-Noether theorem, there is an element Og G with g°' = 

o-g^gag, i.e. 

/o = ctg^gagQ'^- 

As above, we may take Ug to be a unit in the integral closure of ^(giO^n-i g+^„_i. 

Let L := fc(A"), and let M D L{f) be the Galois closure of L{f) over L. Lift 
(^f to g e M (or rather, in the integral closure R of ^n-i in M), with g = 1 

over all generic points of 9+ A". Lift Ug similarly to Og. Let d = [Mq : L]. We may 
replace with 

Then / restricts to 1 in ^ (g) fc(A"^^) for all j, giving a trivialization of d ■ [D] in 
CH^i^, n). Since d is prime to p, it follows that [D] = in CH^(i^, n; ^). □ 

Remark 4.8.3. We shall give in corollary 6.1.4 below a second proof of theorem 4.8.2 
, relying on the Merkurjev-Suslin theorem, by proving that Z^(l)) = for 

A of square- free index over a perfect field k and J) ^ 1. Via the isomorphism of 
corollary 4.5.3 

this shows a second time that CH^ {k, n; A) = for n 7^ 1 in the square- free index 
case. We do not know if this holds for A of arbitrary index. 

4.9. A map from SKi{A) to etale cohomology. In this section, we use the etale 
version of the spectral sequence in the previous section to construct homomorphisms 
from SKi{A) to quotients of Hi+'^{k,Q/Z{i + 1)) for i = l,2. 
The motivic Postnikov tower for K"^ 

induces by etale sheafification the etale version 

with layers the etale sheafications s'^K^ of the layers SnK^ of the original tower. 
Since SnK^ = EM{ZA{n)[2n]) (theorem 4.5.5), and ZA(n)^* = Z(n)^*, we have 

4*ii'^ = i;M(Z(n)^*[2n]). 

Evaluating at Spec k and taking the spectral sequence of this tower gives the etale 
motivic Atiyah-Hirzebruch spectral sequence for A, with Bloch-Lichtenbaum num- 
bering: 

= Hl;%k,-L{-q)) K%_^(A). 
Here is part of the corresponding iJ2-plane: 
-2 -1 1 2 3 4 

H^kX) HW?L) 

HUk,Hl)) Hlik.Ml)) 

Hg{k,Z{2)) HUk,m) HUk,m) Hi,{k,Z{2)) 
Hl(k,Z(i)) Hl{k,m) HUk,m) Hl(k,Z(i)) 

HUk.m) HUk,m) Hi,{k,m) o Hi{k,m) Hi{k,m) HUk,m) 

For i = 1,2, the composition 

Ki{A) ^ Kf{A) ^ HUk,Z{i)) = K,{k) 
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coincides with the reduced norm, where e is the edge liomomorphism of the spectral 
sequence and the isomorphism follows from the Beilinson-Lichtenbaum conjecture 
in weight i (that is, Kummer theory for i = 1 and the Merkurjev-Suslin theorem 
for i = 2). Hence we get an induced map 

SK^{A) ^ cokcT{K2{k) ~ Hl{k,Z{2)) ^ Hl{k,Z{3))). 

Note that the map i?|j(fc, Q/Z(3)) — > -ff|^(fc, Z(3))) is an isomorphism, indepen- 
dently of the Beilinson-Lichtenbaum conjecture. 

For SK2{A), we get a priori a map to the quotient of 

coker(X3^(fe) HUk,m)) - Hg{k,mj) 
by the image of a ds differential starting from Hl^{k, Z(2)) ~ K^{k)ind- If k contains 
a separably closed field, this group is divisible, hence its image by the torsion 
differential dz is 0. Note that we also have an isomorphism 

Hl{k,<^/m) ^ Hl{k,Z{A))). 

Here, the isomorphism K^{k) ~ H?^^{k, Z(3)) follows from the Beilinson-Lichtenbaum 
conjecture in weight 3; if one does not want to assume it, one gets a slightly more 
obscure quotient. 

To compute d2, we use the fact that this spectral sequence is a module on the 
corresponding spectral sequence for K'^^F [29]. The latter is multiplicative [29] and 
d2 is obviously on Ko{F) and Ki{F), hence on all K-^{F). For the one above, 
we then have 

d2(x) = X ■ d2{X) 

where (^2(1) is the image of 1 e Kq{F) in Br{F). 

When we pass to the function field K of the Scvcri-Braucr variety of A, A gets 
split so d2{l)K = 0. By Amitsur's theorem, ^2(1) is a multiple 6[A\ of [A\. 

In fact, we have 5 = 1. The computation is very similar to our compution of a re- 
lated boundary map for the motive of a Scveri-Brauer variety (see proposition 6.2.1) 
so we will bo a little sketchy in our discussion here. 

Proposition 4.9.1. ^2(1) ^ [^]- 

Proof. We begin by noting that by naturality, it suffices to restrict the presheaf 
Y K{Y; A) to the small etale site over k. Fix a Galois splitting field L over k 
of A with group G. As the field extensions of L are cofinal in fc^t, it suffices to 
consider the functor 

F ^ K{F;A) 

on finite extensions F oik containing L; denote this subcategory of k^ by k^t{L). 

For such an F, Ap is isomorphic to a matrix algebra, say Ap = Mn{F), so by 
Morita equivalence, K{F;A) is weakly equivalent to K{F). Similarly, "La = Z on 
k^t{L). Since 

HP{F,Z{n)) = 

for p < n, and since Z(l) = Grn[^l], it follows from our identification of the slices 
(theorem 4.5.5) 

Sr,K^ EM{ZA{n)[2n]), 
that the cofiber /0/2-f^^ of f2K'^ foK"^ is the same as the presheaf of cofibers 
of K"^ by its 1-connected cover 

T<iK^ := cofib[T>2iV'^ ^ K% 



MOTIVES OF AZUMAYA ALGEBRAS 



55 



Thus, to compute ^2(1), we just need to apply the usual machinery of G-cohomology 
to the fiber sequence 

T.EM{K^) T<iK^ EM{K.^), 

similar to our computation in the proof of proposition 6.2.1. 

Let us choose a cocycle a ^ ga PGL„(L) representing the class of A in 
H^{G, PGL„(X)). Thus, if jf^ G GL„(X) is a lifting of gcr, we have the action of G 
on M„(L) 

(Pa{m) := Qa-^m- g^^ 

where '^m is the usual action of G by conjugation of the matrix coefficients. A 
is isomorphic to the G-invariant fc-subalgebra of Mn{L). Also, the coboundary 
in H?^{k,Gm) of the class of A in iJ^(A;,PGL„) is represented by the 2-cocycle 
{cr,a} e Z2(G,LX) defined by 

Cr.a ■ idi" = gr^gag~}. 

The ring homomorphism ipcr ■ ^n{L) — > Mn{L) induces an exact functor 

(fa* : ModM„(z,) ModM„(L) 

sending projcctives to projectives, hence a natural map (p^_^ : K{L; A) K{L; A) 
and thereby a map ipa^ '■ t<iK{L;A) — > t<iK{L;A). To compute c?2(l), we apply 
the following procedure: lift 1 € Ko{L;A) to a representing M„(L)-module F. For 
each a E G, choose an isomorphism ip„ : (pcr*{F) — > F, which gives us a path 70- in 
the 0-space of K{L; A). The path 

7(t, a) := -fr ■ fr, ba] ' 7ra 

is a loop in K{L;A), giving an element c'^ ^ G Ki{L;A) = . This gives us a 
cocycle {c;_^} G Z2(G;L^), which represents ^2(1) G Hl{k, Z{1)) = Hl{k,Gm)- 

To make the computation concrete, let F be a left M„ (L)-module. Then the 
isomorphism of abelian groups F M„{L) 'S']\i„xl) F sending ?; to 1 ® w identi- 
fies (pa*{F) with the Mn{L) module with underlying abelian group F, and with 
mutliplication 

m-^v :=" \g~^mga] ■ v. 

Under this identification, ip^^, acts by the identity on morphisms. 

Take F = with the standard M„(L)-module structure. One sees immediately 
that sending v to g„ ■ '^v gives an M„(L)-module isomorphism ipcr ■ (pcr,{F) F. 
The loop 7(r, a) is thus represented by the automorphism ipr o 'PT*{ipcr) ° V'tct • 

= gr'^gagra 

Since the Morita equivalence ModM„(i,) — *■ Mod^ sends multiplication by c G -L on 
F to multiplication by c on L, we have the explicit representation of ^2(1) by the 
cocycle {cr,a}, completing the computation. □ 
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5. The motivic Postnikov tower for a Severi-Brauer variety 

Results of Huber-Kahn [14] give a computation of the sheaf of the shoes of 
M{X) for X any smooth projective variety and show that vanishes for n > 0. 
For the motive of a Severi-Brauer variety X = SB (A), we are able to show (in case 
A has prime degree i over k) that the negative cohomology vanishes as well. We do 
this by comparing with the slices of the /T-theory of X and using Adams operations 
to split the appropriate spectral sequence, proving our second main result theorem 2 
(see theorem 5.4.2). 

5.1. The motivic Postnikov tower for a smooth variety. 

Lemma 5.1.1. Let X be a smooth projective variety, M{X) e DM^^^ (k) the mo- 
tive of X. 

1. /;^°*M(X) =Qforn> dim^ X. 

2. For dimfc X < n < 0, is represented by C^""(0eg«i(^, n)). 

Proof. (1) Since the objects M{Z)\p] are dense in DM^^-^ (k), it suffices to show 
that 

UomDMik){M{Z){n)[p],M{Xj} - 

for all p and all n > dim^ . Since i?C* is full, it suffices to show the same vanishing 
for the morphisms in DMg{J (k) ; since DMlli^k) DMgm{k) is faithful, it suffices 
to show the vanishing for the morphisms in DM g^ik). 
X is smooth and projective, so we have 

Hom,5M,„ (fc) {M{Z) (n) [p] , M{X)) = HomcM,„(fe) (M(Z x X) , Z(d - n) [-p]) 

where d = dim^ X . But 

Hom^M,,„(fe) {M{Z X X), Z(d - n)[-p]) = H-p{Z x X, Z(d - n)) 

which is zero for d — n < 0. 

For (2), it follows from (1.3.2) that 

n^f^°*M{x) = /o™°*o?.M(x) = nr^M{x) 

By [11, V, theorem 4.2.2], we have the natural isomorphism 

Hom^^,=_// (,)(M(y X P"),M(X)[m]) ^ H"' {Cf^^ {ze,ui{X x P",n))(F)) 

and one checks that the projection 

Hom^^e_„(,)(M(y X P"),M(X)[to]) ^ Bom^^^.jf ^^^{M{Y){n)[2n], M{X)[m]) 

corresponding to the summand M{Y){n)[2n] C M{Y x P") corresponds to the map 
induced by the projection 

(X X P",n)) — > Zequi{X,n) 

This gives us the isomorphism 

n^M{X) = Rnom{Z{n)[2n],M{X)) ^ Cf'''{zegui{X,n)). 

□ 
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Remark 5.1.2. Suppose k admits resolution of singularities. Then for X e Sm/fc, 
we have 

/™°*M(X) = 

for n > dinifc X. In fact, let U CY be an open subschcmc of some Y G Sm/fc such 
that the complement Z := Y \ U is smooth and of pure codimension n on Y. We 
have the Gysin distinguished triangle 

M{U) M{Y) M{Z){n)[2n] M{U)[1] 

Also, if Y is in addition projective, then so is Z; since M{Z){n)[2n] is a summand 
of M{Z X P"), wc sec that M(U) is in the thick subcategory generated by smooth 
projective varieties of dimension < dim^ Y . Using resolution of singularities, the 
existence of a compactification of X with strict normal crossing divisor at infin- 
ity implies that every X G Sm/fc of dimension < d is in the thick subcategory 
of DMgm{k) generated by smooth projective varieties of dimension < d. Thus 
lemma 5.1.1 shows that 

fr'M{x) = 

for n > dim/; X. 

For later use, we make the following explicit computation: 

Lemma 5.1.3. LetY be in Sm/k. Let X be smooth, irreducible and projective of 
dimension d over k. The canonical map fj^°*M{X) f™°lM{X) induces the map 
(inD{Ah)) 

[n^^-'fr'M{x)]{Y) ^ [n^^-'fX_°iMix)]{Y) 

Then a is isomorphic to the map on Bloch's cycle complexes 

p;:z\Y,*)^z\XxY,*) 
induced by the projection p2 : X x Y ^ Y . 
Proof. By (1.3.2), we have 

n^'\fT"*M{x) = f^''*n^-^M{x) = fY'°\np^f^_°lM{x)) 

By lemma 5.1.1(2), we have 

n^-'frlM{X) = CS-(^e,«i(^, d - 1)) 

hence 

n^T\fr*M{x) = /r*cs-(2eg«(^,rf- 1))) 

and the map Q^'^ f^"* M (X) np^f^°lM{X) is just the canonical map 
fr'Cl^\z,,ui{X,d-l))) ^ Ct-%Ze,ui{X,d-l))) 
Applying corollary 1.5.3, we have isomorphisms in Z)(Ab) 

/r*a'"^(-2e«„i(X, d - l)))(y) ^ fl,,{Y, *; Cf-(^e«„i(X, d - 1)))) 

and (by remark 1.5.4(2,3)) the canonical map 

/r*Cf'(-2e«„i(^,d- 1))) - Cl^\z,,ui{X,d-l))) 
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is isomorphic to 

fLtiY, *; Cf-%Ze,ui{X, d - 1))) > /o *; CS-(ze««i(X, d - 1))) 

CS-(^e,„i(^,rf-l))(Fx A*). 

Now, for any T e Sm/fc, the inclusion 

C^^(^e,»(^, - 1))(T) C ^l(r X X, *) 

is a quasi-isomorphism. Thus, if W C T is a closed subset, we have the quasi- 

isomorphism 

Cf''%Zegm{X,d-l))^^'\T) ^ cone(zi(r x X,*) ^ z\T xX\Wx X, *))[-!] 

Now suppose that W has pure codimension 1. By Bloch's localization theorem, we 
have the quasi-isomorphism 

z^{W, *) cone(2^(T x X, *) ^ z^{T xX\Wy.X, *))[-!] 

also, z^{W) — z^{W,{)) z^{W,*) is a quasi-isomorphism. If codimxl-l^ > 1, a 
similar computation shows that C^"'^(zegtti(X, d— 1))^(T) is acyclic. Applying this 
to the computation of fmotO^^ Cf^^{zequi{X, d — 1)))), we have the isomorphism 
in D{Ah) 

V : z\Y,*) ^ /^„,(y,*;C7^^(2e,„i(X,d- 1)))). 
Furthermore, the composition 

^\Y, *) ^ /i„,(r, *; Cf'^^Ze.miX, d - 1)))) f^,,{Y, *; z\X x -, *)) 

is the map 

WcFxA"h^XxWxA°cXxFxA"xA° 
It is then easy to see that the composition 

z\Y, *) ^ *; Cf'(^e,ui(X, d - 1)))) ^ /l,(y, *; Cf-(^e,„i(X, d - 1)))) 

combined with the isomorphism in D{Ah) 

f^,,{Y, *; Cf^%z,,ui{X, d - 1)))) ^ Cf-(^e,«i(X, d - l))(y) ^ X F, *) 
is just the pull-back 

p*2:z\Y,*)^z\X xY,*). 

□ 

Let X be in Sm/fc. For a presheaf of spectra E on Sm/Zc, we have the associated 
presheaf Wom(X, iJ), defined by 

nom{X,E){Y) := E{X x F). 

Applying Hom{X, — ) to a fibrant model defines the functor 

RHom{X, -) : SHs^ik) SHs^ik). 

We use the notation Hom"^°* and RHom"^"* for the analogous operations on 

C{PST{k)) and on DM^'^f (fc). 

The operation R'Hom{X, — ) does not in general commute with the truncation 
functors /„. However, we do have 
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Lemma 5.1.4. Take m > dimfe X . Then for all E £ SHs^ {k), 

soRnom{X, fmE) ^ 0. 

Proof. Let be a presheaf of spectra on Sm/fc which is A^-homotopy invariant and 
satisfies Nisnevich excision. As we have seen in §1.6, we have a natural isomorphism 
in Sn 

Similarly, for E homotopy invariant and satisfying Nisnevich excision, the spec- 
trum TLom{X, fmE){Y) := f„iE{X x Y) is weakly equivalent to the simplicial 
spectrum q h-»- f^E{X x Y){q) with 

fmE{X X Y){q) = lim E^{X xY x A«) 

Using the moving lemma described in [19], we thus have the natural weak equiva- 
lence 

fmE{X X AP){q) ^ lim E^^ {X x Y x A") 



where C{p) is the set X x F, with F a face of A^^^.^. 

Thus SQHom{X, f„iE){Y) is weakly equivalent to the total spectral of the bi- 
simplicial spectra 

{p, q) ^ soHomiX, f^E){Y){p, q) = lim E^ {X x M.^. x A"). 



We denote the total spectrum by soHom{X , fmE){Y){—, — ). 

Let soTi-omlX, fmE){Y){—, q) be the total spectrum of the simplicial spectrum 

p^ sonom{X,fmE){Y){p,q) = lim E^ {X x A^ x A«). 



k(Y) 



The face maps 

5f : soHomiX, f^E){Y){-, q) ^ soHom{X, f„,E){Y){-, q - 1) 

are weak equivalences for alH = 0, . . . , g, g > 1 (see [18, claim, lemma 5.2.1]). Thus 
the canonical map 

soHom{X, fmE){Y){-, 0) ^ sosHom{X, f^E){Y){-, -) 

is a weak equivalence. 

Take W G iS^"''^p (0)c(p)j so is a closed subset of X x A^^x of codimension 

k(Y) ' 

>m> dim/c X, and W X x F has codimension > m on X x F for all faces F of 
A^(Y) ■ ^ particular, for each vertex v of ^^k{Y) > 

codimxxv^ r\X XV > dimfe X. 
Thus W r\ X X V = Since X is proper, the projection of W, P2{W) C A^(y^), is 
a closed subset disjoint from all vertices v. Since ^^(y) is semi-local with closed 
points the set of vertices, this implies that P2{W) = 0, hence W = i.e. 
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and thus soHomiX, fmE) {¥){-, 0) ~ 0. Our description of soHomiX, 
as a simplicial spectrum thus yields 

sonom{X,UE){Y)r^O 

for all Y G Sm/fc, completing the proof. □ 

Thus, for X e Sm/fc, smooth and projective of dimension d over k, and for 
E e SHsi {k), we have the tower in SHs^ (k) 

(5.1.1) = soRHom{X, fa+iE) SQRHom{X, f^E) ^ . . . 

^ soRHomiX, foE) = soRnom{X, E) 

gotten by applying soR'Hom{X, — ) to the T-Postnikov tower of E. Since the func- 
tors So and RTi.om{X, — ) are exact, the mth layer in the tower (5.1.1) is isomorphic 
to soR'Hom{X, SmE), m = 0,. . . , dim/c X. Evaluating at some Y G Sm/k, we have 
the strongly convergent spectral sequence 

(5.1.2) El, = TTa+b{soRnom{X, SaE){Y)) =^ TTa+b{soRnom{X, E){Y)). 

5.2. The case of if-theory. We take E = K, where K{Y) is the Quillen K- 
theory spectrum of the smooth fc-scheme Y. By [18, theorem 6.4.2] we have the 
natural isomorphism 

ismK){Y) ^ ^M(^™(y,*)) ^ EM{Z{m)[2m]){Y) 

In addition, we have natural Adams operations ipk, k = 2, 3, . . . acting on K and 
on the T-Postnikov tower of K , with acting on ■Kt,[smK){Y) by multiplication 
by A;'" for all Y G Sm/A; (see [20]). 
Thus we have 

Lemma 5.2.1. Suppose X has dimension p — 1 over k for some prime p. Suppose 
that for Y G Sm/fc the differentials in the spectral sequence (5.1.2), for E = K, are 
all zero after localising at p. Then the spectral sequence (5.1.2) degenerates at Ei. 

Proof. The Adams operations act on the spectral sequence and ipk acts by multi- 
plication by fc" on J. Thus the differential dr : E'^^^ £^a_r,g+r--i is killed by 
inverting fc" — k°'~'^ . Since ^ = if a + r > p, we need only invert the numbers 

Ta,r := g.C.d.{fc«(l - fc"-) I fc = 2, 3, . . .} 

for a = 0, 1, 2, . . . ,p — 2, r = 1, . . . ,f) — a — 1, which only involve primes q < p. □ 

5.3. The Chow sheaf. For a smooth projective variety X, we have the Nisnevich 
sheaf with transfers C'H^{X) on Sm/fc, this being the sheaf associated to the 
presheaf 

Y ^ CH"(X X Y). 

It is shown in [14, theorem 2.2] that CT-L^{X) is a birational motivic sheaf. We can 
also label with the relative dimension, defining 

CHniX) := CW'i™'' ^-"(X). 

For our next computation, we need: 
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Lemma 5.3.1. Take T G C {Sli-^-^J^)) which is homotopy invariant and sat- 
isfies Nisnevich excision. Suppose in addition that T is connected. Then the 
sheaf HQ^^{s^°*RHom{X,s^°^T)) is the Nisnevich sheaf associated to the presheaf 
Hq{s^°*' RTLom{X , s^°*' T)) with value atY & Sm/fc given by the exactness of 

lim Ho{J^^\^' {XxYxA^\ W')) 

lim Ho{J^^\^' {XxY\W')) 

w"e5j+V(0) 

^ ffo(sr*^Wom(X,sr*^))(^) ^ 

Proof Prom proposition 1.5.2 , RHom{X, s™°*jF)(F) = (s™°*jr)(X x Y) is isomor- 
phic in D{Ah) to s^gf{X x Y, — ; T), the total complex of the simphcial complex 

m ^ X Y, m; .F) := lim jpi^XW (x x F x A™ \ W^')- 

By lemma 1.7.3, the spectra sJ^qj(X x Y, m; .F) are all -1 connected. Thus we have 
the exact sequence 

Hois^iX X Y, 1; J^)) ^ ifo(Cot(^ x Y, 0; .F)) ^ /fo(Cot(^ x -; ^))- 
In any case RHom{X , s'^°* T) is in DM^^-^ (k), hence the homology presheaf 
Y ^ Ho{RHom{X, s™°*:F)(F)) = ifo(sr*(^ x ^> -;^)) 

is a homotopy invariant presheaf with transfers. Thus, by [11, III, corollary 4.18], 

if Y is local, the restriction map 

(5.3.1) HoisrHX X Y,-;T)) ^ HoisrHXkiY), ^)) 

is injective. In addition, R'Hom{X, s™°*.F) is connected. Indeed, s^°*J^ is con- 
nected by proposition 1.7.4, and this implies that RHom{X , s™"* J^) is connected. 
Thus the restriction map (5.3.1) is also surjective, hence an isomorphism. 

By theorem 2.2.1, s^°^ R'Hom{X , s^°* J^) is also birational, and is connected by 
proposition 1.7.4, hence the same argument shows that 

ffo(sr*-RWom(X,s™°*JF)(y)) ^ Fo(sr*^Wom(X,s™°*JF)(fc(y))) 

is an isomorphism. 

We now return to the situation Y G Sm/fc. As in the proof of lemma 5.1.4, 
slS'°^Rnom{X, s™°*Jf')(r) is given by evaluating Rnom{X, s™°*F") on A*^^). Since 
RHom{X,s'^°*T) is connected by proposition 1.7.4, it follows that we have the 
exact sequence 

H^{Rnom{X,sr'm^liY)) Ho{RHom{X,sT*m^liY)) 

^ Hois^^'RHomiX, s^°*J^){Y)) ^ 0. 

But since R'Hom{X, s™°*.F) is connected, the restriction map 

Ho{Rnom{X,sr'J'){KiY))) - Ho{Rnom{X,sr':F){^l(,Y))) 
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is surjective, which shows that 

Since the restriction map (5.3.1) is an isomorphism for Y local, it follows that the 
canonical map 

Ho{R'Hom{X,s'^°'J'){Y)) Ho{s}^°*Rnom{X,s';^°*J^){Y)) 

is an isomorphism for Y local. 

Putting this together with our description above of Ho{R'Hom{X, s^°*^J^){Y)) 
proves the result. □ 

Lemma 5.3.2. Let X be a smooth projective variety of dimension d. There is a 
natural isomorphism 

n^'%s^°'RHomiX,Z{n)[2n])) ^ CH"(X) 

Proof. Since Z is a birational motive, we have (remark 2.2.3) 

Z(n)[2n] s;f°*(Z(n)[2n]). 

We can now use lemma 5.3.1 to compute H^'"" {s^^"* RHom{X , s™°*(Z(n)[2n]))). 

By lemma 2.4.4, for c F a closed subvariety of codimension n, Y G Sm/fc, 
there is a natural isomorphism 

ffo((Z(n)[2n])^(T)) = if^"(F,Z(n)) z^.{Y). 

From this, it follows from lemma 5.3.1 that if^'"(s^''*iiWom(X, s™''*(Z(n)[2n]))) 
is just the sheafification of 

Y ^ CH"(X X Y), 

i.e., 

W^'^(sr*i?7^om(X,s™°*(Z(n)[2n]))) ^ C7e{X). 

□ 

5.4. The slices of M{X). Before proving our main theorem on the slices of the 
motive of a Severi-Brauer variety, we first use duality to shift the computation of 
the nth slice to a 0th slice of a related motive. 0th slices are easier to handle, 
because their cohomology sheaves are birational sheaves. 

Lemma 5.4.1. Let X he smooth and projective of dimension d over k. Then for 
< n < d there is a natural isomorphism 

s™°*M(X) ^ s^°* {RHom""'\X, Z{d - n))) {n)[2d] 

Proof By [14] 

fr'M{X) = nomj,Meffik)i^{n),M{X)){n) 

= HomjjMetf (fc) (Z(d) [2d] ,M{X){d-n) [2d] ) (n) 
= nomjjMetf(k){M{X),Z{d - n)){n)[2d] 

In addition, using the isomorphism (1.2.3), we have 

C-l o nomj,M'ff im), -) = nomoM'ff (^(1), -) ° 

this plus Voevodsky's cancellation theorem [38] implies 

/r*(ni)) = fn-Um) 
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and similarly for the slices sj^°*. Thus 

s;^°*M(x) = s™°*(/;"°*(M(x)) 

= sT' {nomoM^ff^^,){M{X),-L{d-n)){n)[2d]) 
= sr* (Wom^Me//(fe)(M(X),Z(d- n))) (n)[2d] 
= s^°* {Rnom'^"\X,Z{d - n))) (n)[2d] 



□ 



Theorem 5.4.2. Let X be a Severi-Brauer variety of dimension p — l,pa prime, 
associated to a central simple algebra A of degree p over k. Then 

(1) 

sr*M(X) ^CH„(X)(n)[2n] 

forn = 0,...,p-l, s™°*M(X) =0 forn>p. 

(2) There is a canonical isomorphism 

(3) For n = 0, . . . ,p — 1, we have 

^ ^ \Z forn = 

Proof. We first note that X satisfies the conditions of lemma 5.2.1. If X = P^*"-^, 
then the projective bundle formula gives the weak equivalence 

Rnom{FP-\ f^K) ^ (B\Zlfm-^K 

from which the degeneration of the spectral sequence at Ei for all Y G Sm/A; 
easily follows. In general, there is a splitting field L for A of degree p over fc, so 
Xl — ^^L~^ , and thus the differentials are all killed by xp. 

We recall that SnK ^ EM{Z{n)[2n\) [18, theorem 6.4.2]. By Quillen's compu- 
tation of the ii'-theory of Severi-Brauer varieties, 

RHom{X,K) ^ (BiZlK{-;A'^"). 

Finally, the fact that K{—;A^"') is well-connected (remark 4.4.3) implies 

so{K{-,A^'')) = EM{Z^0n). 

Since our spectral sequence degenerates at E^, we therefore have the isomorphism 

®l-lUT'so{Rnom{X,EM{Z{n)[2n])) ^ ®lZlnf''EM{Z^^n) 

Also, we have sq o EM = EM o s™"*, and 

RHom{X,EM{F)) = EM{RHom'^"\X,F)) 

nl'%EM{F)) = n^r^{F) 

for F e DM''^f{k). Thus we see that 

WNis(sr*(^Wom'"°*(X,Z(n)[2n]))) = 

for m 7^ and 

(5.4.1) {8r\R'>ionr"\X, Z(n)[2n])) ^ e^-^oZ.A«n. 
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In particular, s^°*(i?'Hom'"°*(X, Z(n)[2n])) is concentrated in de gree 0. Thus, it 
follows from lemma 5.3.2 that 

s^°\Rnom'""\X,Z{n)[2n\)) ^ CW"(X) 

for n = 0, . . . ,p — 1, which together with (5.4.1) proves (2). 
Together with lemma 5.4.1, this gives 

s™°*M(X) ^ s'^°*{RHom""'\X,'L{j> - 1 - n)){n)[2p - 2] 
^C'Hn{X){n)[2n] 

proving (1). 

For (3), take a finite Galois splitting field L/k iov A with Galois group G. We 
have the natural map 

TT* : CW{X) CH"{XLf ^ Z 

with kernel and cokernel killed by p. By (2), C7i"(X) is torsion- free. Similarly, we 
have the inclusion 




We thus have compatible inclusions 



Clearly CH°{X) ^ Z. FovyeYe Sm/fc the quotient 

has order pP~^ if Ay is not split, and 1 otherwise. Thus, for n = 1, . . . ,p — 1, 
CH^{X)y c CH"'{XL)y = Z has index p if Ay is not split and index 1 if Ay is split. 
Thus we can write 

CH"{X) ^ Z^«„ 

for n = 0, . . . ,p — 1, completing the proof. □ 



6. Applications 

In this section, wc let X be the Severi-Brauer variety X := SB{A) associated to 
a central simple algebra A of prime degree i over k. We use our computations of the 
layers for M{X), together with a duality argument and the Beilinson-Lichtenbaum 
conjecture, to study the reduced norm map 

Nrd : HP{k,ZA{q)) ^ HP{k,Z{q)) 

and prove the first of our main applications corollary 1 (see theorem 6.1.3). Com- 
bining these results with our identification of the low-dcgrcc ii'-thcory of A with the 
twisted Milnor /C-theory of k gives us our main result on the vanishing of SK2 (A) 
for A of square-free degree (corollary 2, see also theorem 6.2.2). 
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6.1. A spectral sequence for motivic homology. We have the motivic Post- 
nikov tower for M{X) 

(6.1.1) = fP°*M{X) f^_°lM{X) -> ... 

f^"*M{X) f^°*M{X) = M{X) 

with slices 

sP*M(X) ^ Z^®.+i(6)[26]; 6 = 0, . . . ,f - 1. 

Let a* : DM^^f{k) — > DIVP^^ {k)°^ be the change of topologies functor, with 
right adjoint a, : DM*^^^ {k)^^ DM'^^^ {k). The functors a* and a, are exact, 
and applying a* to ^^(n) Z(n) gives an isomorphism a*ZA{n) a*Z(n)). 
Thus, we have the tower 

(6.1.2) = a,a*fP"'M{X) a,a* f^°lM{X) ^ ... 

a,a*fr'M{X) a.a*f^°*M{X) = a,a*M{X) 

with slices 

a*a*sp*M(X) ^ a^a*Z{b)[2b]; b = 0,...,£-l. 

Since a* is right adjoint to a* , the unit r] of the adjunction gives the natural 
transformation of towers 7] : (6.1.1) (6.1.2). Defining M{X), /™°*M(X) and 
Z^»6+i (a) by the distinguished triangles 

M{X) ^ a*a*M(X) ^ M{X) M{X)[1] 
fr'M{X) ^ a.a*fr*M{X) ^ fr*M{X) ^ /r*M(X)[l] 
Zyi(86+i(a) — > a*a*Z(a) — > Z^igi6+i(o) ^ Zyi86+i(a)[l] 

we have the tower 

(6.1.3) = /™°*M(JC) ^ f^_°lM{X) ^ ... 

fl"°'MiX) f^°'M{X) ^ M{X) 

with slices 

sr'M{X) ^ Z^®.+i(6)[26]; 6 = 0, . . . ,p - 1. 
This last tower thus gives rise to the strongly convergent spectral sequence 

(6.1.4) ^Hom^M=//(fc)(^(«)[&],M(X)(a')b + g]) 
with 

^p,q ^ [Hom£,Me//(fc)(Z(a)[6],Z^®-<,+i(a' - g)[p - q]) for < -g < £ - 1 
^ ~ |0 else. 

Lemma 6.1.1. Hom^^e//^^^(Z(r'), Z^(r)[q]) = /or 

i. r = 0, r' > and a// g' 

r = = r' and g ^ 
5. r' = and l<r <q 
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Proof. TLa is a homotopy invariant Nisnevich sheaf with transfers, so 

Hom^,,e_/,(,^(Z(r'),Z^[g - 2r']) = \^x\lil^^{W\TL a) - Bl^X^"^' a)\ 
Since is a constant sheaf in the Zariski topology 



for g 7^ 

ZA(fc) for g = 0, 



the last identity following from the homotopy invariance of Z^. This proves (1) 
and (2). 

For (3), we have seen that 

Hom^^e_//(,)(M(X),Z^(r)[2r + n]) - GW{X-A,n) 

for all n. Taking X = Spec fc, (3) follows from the fact that ^""(Spec k; A,n) = for 

n < r for dimensional reasons. □ 

Lemma 6.1.2. The Beilinson-Lichtenbaum conjecture for weight n + I implies 

Hom^^e// (fc)(Z(d) [2d], M(X)(n + l)[m]) = for m < n + 2 
and that the sequence 

^ if"+3(X,Z(n+ 1)) ^ H^+^X,Z^\n + 1)) -> H^+^k{X),Z{n + 1)) 
is exact. 

Proof. The Beilinson-Lichtenbaum conjecture for weight n + 1 says that the coho- 
mology sheaves of Z(n + 1) are in degree < n + 2, hence the natural map 

H"^{X, Z(n + 1)) ^ H7^{X, lT\n + 1)) 

is an isomorphism for m < n + 2 and there is an exact sequence 

^ n^^\X, Z{n + 1)) ^ H?+^{X, I^\n + 1)) ^ H^,,{X, Hl+^mn + 1))) 

since the cohomology sheaves of Z(n-|- 1) vanish in degrees > n+1. By the Gersten 
conjecture for H2^^{Z{n + 1))), the map 

nl+'{Zin + 1))) ^ H-+'ikiX), Z(n + 1)) 

is injective, which gives the exact sequence in the statement of the lemma. 

In terms of morphisms in DM'^^^ {k) and DM^-^-^ [ky*, this says that the change 
of topologies map 

RomjjMeff(k){MiX),Z{n + l)[rn]) ^RomDM-ff{k)^^{a*M{X),a*Z{n + l)[m]) 

is an isomorphism for m < n + 2 and an injection for m = n + 3. 

M{X) has dual M(X)^ = M{X){-d)[-2d], hence the etale version a*M{X) 
has dual a* M{X){—d)[—2d]. In other words, we have natural isomorphisms 

Rom^M' ff (fe) (M(X) , Z(n + 1) [m] ) ^ Hom^j^^.// (Z(d) [2d] , M {X){n + l)[m]) 

and 

Hom^jv^,//(fc)et(Q;*M(X),a*Z(n + l)[m]) 

^ HomoM=//(fe)^t(a*Z(d)[2d],a*M(X)(n+ l)[m]) 
^ Hom^Me// (fc) [2d] , a* a* M(X) (n + 1 ) [m] ) . 
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Thus, the natural map M{X) a^..a* M{X) induces an isomorphism 

Hom^Me// (fc) m [2d] , M(X) (n + 1) H ) 

^ Hom^M'=//(fe)(^W[2d],a*a*M(X)(n+ 1)H) 
for m < n + 2 and an injection for m = n + 3, hence the lemma. □ 

Theorem 6.1.3. Let A be a central simple algebra over k of prime degree £. Let 
n > 0, and assume that the Beilinson-Lichtenbaum conjecture holds in weights 
<n + land for the prime £. 

1. For m < n, the reduced norm 

Nrd : ff'"(fc,ZA(n)) ^ H"'{k,Z{n)) 

is an isomorphism. 

2. There is an exact sequence 

0^fl""(fc,Z^(n)) ^ir"(A;,Z(n)) ^ 

Hg+'ik, Z(n + 1)) - Hg+'ik{X), Z(n + 1)) 
where X is the Severi-Brauer variety of A. 

Proof. We proceed by induction on n. (1) in case n = follows from lemma 6.1.1(2). 
For (2), the reduced norm identifies H^{k, Ija) with £H^{k,'Z) in case [A] ^ 0, and 
is an isomorphism if [^4] = 0; since l\A^ = 0, (2) follows. 

Now assume the result for all n' < n. By the Beilinson-Lichtenbaum con- 
jecture in weight n! . the map Z(r7') a*a*Z(ri') induces an isomorphism on 
Hom£,j^^e//(^)(Z, — [m]) for all m < n' + 1 and an injection for m = n' + 2. Thus 

Homj3;^e//(fc)(Z, Z(n')[m]) = for m < n' -|- 1 

Similarly, applying (1) and (2) to the distinguished triangle defining ZA(n'), our 
induction assumption gives 

(6.1.5) Hom^jjy^e// (Z, Zyi(ri')[m]) = for to < n'. 

Finally, by lemma 6.1.2, the Beilinson-Lichtenbaum conjecture for weight n -\- \ 

gives 

(6.1.6) Hom^M=//(fc)(^W[2rf],M(^)(n+ 1)[to]) = for m < n + 2. 

Now consider our spectral sequence (6.1.4) with a = d, b = 2d—2n — 2,a' = n+1, 
where d = dim^ X = i — 1. We have 

Hom(Z(d)[2d - n - 2],M{X){n + l)[p + q]) 

= Hom(Z(d) [2d] , M{X){n + l)[n + 2 + p + q]) 

so by (6.1.6) the spectral sequence converges to for p + q < 0. 
The E^'^ term is 

E^''^ = Hom(Z, Za»-„+i {n + l-d-q)[n + 2-2d + p-q]) 
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for < — g < d and otherwise. For < —q < d — 1 and p + q < 0, we have 

n' := n + 1 — d — q < n 
n + 2-2d + p-q<n' 

For -q = d, is a matrix algebra, hence Z^»-,+i (N) = Z{N). Thus 

E^'-'' = Hom(Z,Z(n + l)[n + 2 - d + p]) 

If p + g < 0, then p<d, so n + 2 — d + p<n + 2. Thus our induction hypothesis 
plus Hubert's theorem 90 in weight n + 1 yields 

E^'"^ = for < -g < d, -q^d-1, p + q<0. 

hence there is exactly one E2 term that is possibly non-zero, namely 

i;f'i-<^ = Hom(Z,Z^»<!(n)[n+ 1 -d + p]) 

The d2 differential is 

and sincep + 2 — (i < 0, E2~^'^'~'^ = 0. Since £^2 '' = f^'' 1 < ^"^i there arc no higher 
differentials coming out of i^l''^"'^. Similarly, our induction hypothesis implies that 
there are no dr differentials going to EP''^''^. Thus E^''^~^ = Ep^-'^ = 0. 

Now take p + q = 0. The abutment of the spectral sequence is still and there 
is still only one possibly non-zero E2 term, 

^d-i,i-d ^ Hom(Z,ZA(n)[n]). 
There is a single possibly non-trivial d2 differential, since 
E^'^^'^'^ = Hom(Z, Z(n + l)[n + 3]). 
As above, there are no other non-zero dr differentials, hence 

«2 • -^2 ^ ^2 

is an injection. Moreover, all dr differentials abutting to E^~^^'~''' have a source 
equal to 0, hence E^+^'-'^ = E^^'-'^. 

Let us collect the information obtained so far: 

• '"^ = for p -I- g < 0, except possibly {p, g) = (rf — 1, 1 — d). 

• The differential ^'^ induces an exact sequence 

(6.1.7) ^ E'^-^-^''^ ^ S^+i^-^ ^ Hom(Z(d) [2d], M(X)(n + l)[n + 3]). 

Since = 0, we get that the map 

Hom(Z, Z^»£i(r7,)[n + 1 — d + p\) ^ Hom(Z, Q!*Q!*Z^»£i (n)[n + 1 — d + p]) 

is an isomorphism for p < d—1 and an injection for p = d—1. Since = Z^®*-! , 
we have 

Hom(Z,Z^0<i (n)[n + 1 - d + p]) ^ i?"+^+f-''(fc,ZA(n)) 
Hom(Z,a*a*Z^»<i(n)[n + 1 - d + p]) S Z(n)) 
hence the canonical map 

aA ■ H^{k,ZA{n)) ^ H7i{k,'L{n)) 
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is an isomorphism for m < n and an injection for m — n. Since aA factors as 




and a : H"^{k,'Z{n)) H™{k,'Z{nY^) is an isomorphism for to < n by the 
Beilinson-Lichtenbaum conjecture in weight n, it foUows that Nrd is an isomor- 
phism for TO < n and an injection for m = n, proving (1) and the injectivity of Nrd 
in (2). 

From the distinguished triangles defining Za and Z, we have exact sequences 
^ H^-\k,EA{n)) ^ H^-\k,nn)) ^ iJ^^-^a-d 

^ H^{k,ZA{n)) ^ H^,{k,Z{n)) Et''''" ^ H"+i(fc,Z^(n)) ^ 

and 

-> if"+3(fc, Z(n + 1)) ^ i/"+^(fc, Z(n + 1)) ^ ^ ir"+*(A:, Z(n + 1)) ^ 

But we have ahcady shown £^2"^'^ = 0. Also, 

ff"+\fc,ZA(n)) = F"+^(fc,Z(n + 1)) = F"+'^(fc,Z(n + 1)) = 

for dimensional reasons and -ff"(fc,Z(n)) = ff|^(fc,Z(n)) by Bloch-Kato in weight 
n. Thus we get an exact sequence 

^ fl""(fc,ZA(n)) /i'"(fc,Z(n)) ^ E^-^'^"^ 
and an isomorphism 

i/r;+3(fc, z(n + 1)) ^ 

Putting this together with (6.1.7), we get the exact sequence 

^ fl""(fc,ZA(n)) ^ if"(A;,Z(n)) ^ ff^^+3(fc,Z(n + 1)) 

^ Hom(Z(d)[2d], M(X)(n + l)[n + 3]), 

where 9„ is the map induced by d2~^'^~'^- By comparing the spectral sequence for 
Hom(Z(d) [2d] , M(X) ( (n + 1) [*] ) , Hom(Z(d) [2d] , a* a* M(X) ( (n + 1 ) [*] ) 

and 

Hom(Z(Q!)[2d],A?(X)((n+ 

we see that H2+^{k,Z{n+l)) Hom(Z(d)[2d], M(X)(n+l)[n+3]) factors through 
the image of 

Hom(Z(d)[2d], a*a*M(X)(n + l)[n + 3]) ^ Hom(Z(d) [2d], M(X)(n + l)[n + 3]). 
By the exact sequence of lemma 6.1.2, we thus have the exact sequence 

^ fl""(fc,Z^(n)) ^ if"(fc,Z(n)) ^ 7?r'+3(fc,Z(n+ 1)) 

^H2+\k{X),Z{n+l)). 

The resulting map 

Hl+\k,Z{n + l)) - Hl+\k{X),Z{n+l)) 
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is induced by an edge homomorphism of our spectral sequence, hence equals the 
extension of scalars map. This completes the proof. □ 

Corollary 6.1.4. Let A be a central simple algebra of square- free index over k. 
Forn^l, i?"(A;,Z^(l)) =0. 

Of course, we have already proved this by a direct argument (theorem 4.8.2 ). 
This second argument uses our main result on the reduced norm, theorem 6.1.3, 
which, in the weight one case, relies on the Merkurjev-Suslin theorem to prove 
Beilinson-Lichtenbaum in weight two (using in turn [36] or [12]). 

Proof. We first reduce to the case of A of prime degree £. Write 

deg{A) = l[ii = d. 

where the £i are distinct primes. Write A = M„(D) for some division algebra D 
of degree d over k, and let F C D be a maximal subfield. Then F has degree d 
over k and splits D. Let £ = ii for some i, let k{£) D k be the maximal prime to 
£ extension of k and let F(£) := Fk{l). Then clearly F(£) has degree I over fc(^) 
and splits since k{tj has no prime to £ extensions, F{£) is Galois over k{£). 

Passing from k to the Gal(fc(^)/A;) invariants alters only the prime to £ torsion. 
Thus we may replace k with fc(^) and assume that A is split by a degree £ Galois 
extension of k. But then A is Morita equivalent to an algebra of degree £, which 
achieves the reduction. 

It follows from [5, theorem 6.1] that 

= CHi(fc,2-n) ^i?"(A;,Z(l)) 

for n 7^ 1. By theorem 6.1.3(1), this implies that il"(fc, Za(1)) = for n < 1. 
Additionally, we have 

ff"(A;,ZA(l)) ^ CR^{k,2-n;A) 

by corollary 4.5.3. Since CE^{k,m;A) = for m < and CH^(A;,0;^) = for 
dimensional reasons, the proof is complete. □ 

Corollary 6.1.5. Let A he a central simple algebra of square-free index over k. 
The the edge homomorphism 

P2,k;A-GB'{k,2;A)^K2{A) 

is an isomorphism 

Proof. From corollary 6.1.4, Cii^{k,n;A) = for n 7^ 1. From theorem 4.7.1(2), 
we have the exact sequence 

0^GR\k,3;A) ^^ll, CH'(fc,2; A) K2{A) CHi(A;,2;^) ^ 0, 

hence the edge-homomorphism p2,/c;^ : CH^(A:, 2;A) — > K2{A) is an isomorphism. 

□ 

Finally, here is a global version of theorem 6.1.3: 

Corollary 6.1.6. LefLA denote the cokernel of the reduced norm map Nrd : 

Z. Suppose that A has square-free index and assume the Beilinson-Lichtenbaum 

conjecture. Then, 

(1) For all n>0, the complex ZA{n) G DM^^f{k) is concentrated in degree n. 
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(2) Let Tn = Ti."(ZA{n))- Then the stalk of J-n at a function field K is iso- 
morphic to 

kev{H^+'{K, Z(n + 1) - Hg+'{K{X),Z{n + 1))) 

where X is the Severi-Brauer variety of A. 

(3) For any smooth scheme U we have a Gersten resolution 

* *■ {^x)*{-^ n) ^ (*a:)*(-^ ^— l) > ■ ■ ■ > (^x)*(-^ n—p) ^ • • • 

Proof. As in the proof of corollary 6.1.4, it suffices to handle the case of A of prime 
degree over k. 

Clearly, Z^(n) has no cohomology in degrees > n; by Voevodsky's form of Ger- 
sten's conjecture, the vanishing of W{ZA{n)) for i < n reduces to theorem 6.1.3. 
The computation of the stalks of H'"{ZA{n)) also follows from theorem 6.1.3. 

For (3), we first show (with the notation of [37, 3.1], that the Zariski sheaf asso- 
ciated to the presheaf {J^n)-i is J-n-i- This follows immediately from Voevodsky's 
cancellation theorem [38]: by definition 

(^„)_i(t/) = coker {j^^iU X A^) ^ .f„(f/ x (A^ - {0})) 

= coker (f"(C/ x A\ZA(n)) ^ H'\U x (A^ - {0}),ZA(n))) • 

By purity, the localization sequence for U x (A^ — {0}) C i7 x A^, and part (1) of 
the corollary, the latter cokernel is isomorphic to 

ker(F"-i(?7,ZA(n - 1)) ^ H^+\U,ZA{n)) ^ H^M^n) 

hence the Zariski sheaf associated to (^„)_i is the sheaf associated to 

U ^ H''-\U,ZA{n - 1)) ^ J'n-iiU). 

The statement on the Gersten complex follows from this and lac. cit. theorem 
4.37. □ 

6.2. Computing the boundary map. To finish our study of H" (k.ZAin)), wc 
need to compute the boundary map 3„ in theorem 6.1.3. As above, we fix a central 
simple algebra A over k of prime degree ^, let d = ^ — 1 and let X be the Severi- 
Brauer variety SB (A). Wc let [A] € H?^{k,Grn) denote the class of A in the 
(cohomological) Brauer group of k. 

Concentrating on f^°lM{X) gives us the distinguished triangle 

sT^M{X) -> fJL°lM{X) s3!_lM(X) ^ s'^°*M{X)[l] 

which by theorem 5.4.2 is 

Z{d)[2d] fX-!M{X) ZA{d - l)[2d - 2] ^ Z{d)[2d + 1] 

Applying Q^'^ gives 

Z(l)[2] ^ n'^-'frlMiX) -^Za^ Z(1)[3] 

Applying the etale sheafification a* and noting that Z^ = Z''* gives the distin- 
guished triangle 

(6.2.1) Z(l)^*[2] ^ a*n^-^f^°lM{X) Z^* Z(l)^*[3] 
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Thus (9 : ^ Z(l)°'[3] gives us the clement 
Proposition 6.2.1. /3a = [A]. 

Proof. To calculate Pa, it suffices to restrict (6.2.1) to the small etale site on k. 
By lemma 5.1.3, (6.2.1) on k^t is isomorphic (in D{Sh4t{k))) to the sheafification 
of the sequence of presheaves 

(6.2.2) L ^ (^z^{L, *) ^ z^{Xl, *) ^ cone(p*) ^ z^{L, *)[1]) . 

Here, and in the remainder of this proof, we consider the cycle complexes as coho- 
mological complexes: 

^i(y,*)" := z\Y,-n). 

We recall that z^{Xl, *) has non-zero cohomology only in degrees and -1, and 
that 

H''{z\Xl,*)) = CR\Xl). 

Similarly, H~^{z^(L, *)) = and all other cohomology oi z^{L, *) vanishes. Since 
X is geometrically irreducible and projective, 

p*:L^ ^T{Xi^,O^J 

is an isomorphism, and thus the cone of 2:^(L, *) z^{Xl, *) has only cohomology 
in degree 0, namely 

H°{cone{p*)) =Cli\XL). 
Thus the sequence (6.2.2) is naturally isomorphic (in D{PSh^t{k))) to the canonical 
sequence 

(6.2.3) Lh^ 

{H-\z\Xl, *))[!] ^ t>-iz\Xl,*) - H°iz\XL, *)) - H-\z\Xl, *))[2]) . 

We can explicitly calculate a co-cycle representing (}a as follows: Take L/k to 
be a Galois extension with group G such that is a matrix algebra over L. Then 
(6.2.3) gives a distinguished triangle in the derived category of G-modules, so we 
have in particular the connecting lioniomorphism 

dL : H\G,H\z\Xl,*))) ^ H\G-H-\z^{Xl,*))) = H\G;L>') 

Also Xl ^ Pi. As H°{z\Xl,*)) = CR\Xl), H°{z'^{Xl,*)) has a canonical 

G- invariant generator 1, namely the element corresponding to 01(0(1)). We can 
apply Ol to 1, giving the element c?l(1) G H'^{G;L^) which maps to Pa under the 
canonical map 

ff2(G,LX)^F|,(fc,G™). 
Since Al is a matrix algebra over L, A is given by a 1-cocycle 

{g^ I a e G} e Z\G,PGLfXL)) 

and X is the form of P'' defined by {ga}- This mean that there is an L isomorphism 
ijj : Xl ^ such that, for each a G G, we have 

ff<,:=V°"V"', 
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under the usual identification AutL(P^) = PGLd+i(L). 
Lifting ga to ga € GL^(L) and defining Cr,o- £ hy 

we have the co-cycle {cr,a} G Z'^{G,L^) representing [A]. 

For a G-module M, let (C* (G; M), d) denote the standard co-chain complex 
computing H*{G; M), i.e., C"(G; M) is a group of n co-chains of G with values in 
M. We will show that 9^(1) = {cr,„} in H^{G,L'') by applying C*(G;-) to the 
sequence (6.2.3) and making an explicit computation of the boundary map. 

Fix a hyperplane H C Pf. Then D := xI>*(Hl) G represents the 

positive generator 1 G CH"'^(Xl) = Z. As the class of D in UQ^^Xl) is G-invariant, 
there is for each a G G a rational function fa on Ai such that 

Div(/,) =^D-D. 

Given r, cr G G, we thus have 

Div(/;/-^\^) = -""D --"D- C^D -D) + ^D-D = 
so there is a c^_^ G r(A:i, O^^) = with 

Using the fact that 

'^D = r{MHL)) 

one can easily calculate that 

Indeed, take a A;-linear form Lq so that H is the hyperplane defined by Lq = 0. Let 

i'a ■= f 

so Div(Fo.) = gaiH) — H. Letting f„ := tp*Fa, we have 

Div(^) = V*(Div(F<,)) = riMH) -H) = -D-D, 



and 



Thus 



C 



■T,(T 



On the other hand, we can calculate the boundary by lifting the gen- 

erator 1 = [D] G CR^iXL)^ to the element D G z^{Xl,*)^ and taking Cech 
co-boundaries. Explicitly, let C Xl x be the closure of graph of fa, after 
identifying (A\0, 1) with (pi\{l}, 0, oo). Define F^^^ G ^^(i,*)-^ similarly as the 
point of corresponding to c^.a G A^(fc) C P^(A;), and let 6 denote the boundary 
in the complex z^{Xl, *)■ For a G G, we have 

6-\Ta) = ''D-D = d°{D)a. 
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Since H ^{z^{Xl,*)) = T{Xl,Ox^) — , there is for each a,T & G, an element 
B^^r e z^{Xl,2) with 

Thus 

dLim = {c,,r} G H\G,H-\zHL,*))) = H^G,LX). 
This completes the computation of 91,(1) and the proof of the proposition. □ 

Theorem 6.2.2. Let A be a central simple algebra over k of squa/in-free index e. 
Let n > 0, and assume that the Beilinson-Lichtenbaum conjecture holds in weights 
<n + l at all primes dividing e. 

1. For m < n, the reduced norm 

Nrd : H"'{k,ZA{n)) ^ H"'{k,Z{n)) 

is an isomorphism. 

2. We have an exact sequence 

^ H^{k, ZaH) ^ H"{k, Z(n)) ~ iff (fc) 

^ Hg-^\k,Z/e{n+l)) ^ H2+'{k{X),Z/e{n+l)). 

3. (n = l) SKi{A) = 0. More precisely, we have an exact sequence 

^ K,{A) ^ K,{k) ^ Hl{k,Z/ei2)) iJ^ Z/e(2)). 



4- (n = 2) SK2{A) = 0. More precisely, we have an exact sequence 

^ K,{A) ^ K,{k) ^ Hi{k,Z/e{3)) ^ Z/e(3)) 
To explain the map U[A] in (2), (3) and (4): We have isomorphisms 
Ki{k) = k'"^ HHk,Z{l)) 
K2ik)^H^ik,Zi2)) 

H-(k,G^)^H-+\k,Z{^r)- 
Thus we have [A] G Z(l)''*) and cup product maps 

H^{k,Z{n)) ^ H2,{k,Z{nf') ^ Hl+^(k,Z(n + if') 
which obviously land into eH?^^{k, Z{n+iy. On the other hand, the exact triangle 

Z(n + 1)^* A Z(n + 1)^* ^ Z/e(n + 1) ±1 
and the Beilinson-Lichtenbaum conjecture in weight n + 1 give an isomorphism 
H^+\k,Z/e{n + l))^,H^+'{k,Z{n + lf). 
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Proof. As in the proof of corollary 6.1.4, it suffices to handle the case of A of prime 
degree over k. Thus, (1) follows from theorem 6.1.3(1). 
For (2), applying a* to the distinguished triangle 

Z(l)[2] ^ np'f^_°lM{X) ^Za^ Z(1)[2] 

we have 

Z(lf*[2] ^ a*fl^-^fX-iM{X) Z^* Z(l)'^*[3] 

It follows from proposition 6.2.1 that the d is given by cup product with [A] € 

-ff|j(fc, Z(l)''*). Since the map 9„ in theorem 6.1.3 is just the map induced by d 
after tcnsoring with Z(n)'^*[n], (2) is proven in the form of an exact sequence 

Nrd 



^ iI"(fc,ZA(n)) ^ ff"(A;,Z(n)) 



n + ly^) ^ Hl+\k{X), Z(n + 1)'^*). 



But the Beilinson-Lichtcnbaum conjecture in weight n + 1, applied both to k and 
shows that in the commutative diagram 

'(fc,Z/e(n+l)) > m+'\k{X),Z/ein + l)) 



Hl+\k,1{n 



I) 



m+\k{X),'L{n + lf') 



both horizontal maps have isomorphic kernels, hence the form of (2) appearing in 
Theorem 6.2.2. 

For (3) and (4), we have the isomorphism (corollary 4.5.3) 

V'p,,;A : HP{k, ZA{q)) ^ Gm{k, 2q - p; A) 

compatible with the respective reduced norm maps. Prom corollary 6.1.5, the edge- 
homomorphism p2,fc;A : CH^(fc,2; A) K2{A) is an isomorphism. It follows from 
theorem 4.7.1(1) that the edge homomorphism pi^k;A '■ CH^(A;, 1; A) — > Ki{A) is an 
isomorphism as well. Together with proposition 4.6.5, this gives us the commutative 
diagram for n = 1,2: 



H^{k,ZA{n)) 

Nrd 

/f"(fc,Z(n)) - 



4CH"(fc,n;^)^^ii:„(A) 



Nrd 



->CH"(fc,n) 



Pn,k;k 



Nrd 

^ Kn{k) 



with all horizontal maps isomorphisms. Thus, in the sequence (1), we may replace 
H"{k,ZAin)) with Kn{A) and H'^{k,Z{n)) with Kn{k) for n = 1,2, proving (3) 
and (4). □ 



Appendix A. Modules over Azumaya algebras 

We collect some basic results for use throughout the paper. 
Let be a commutative ring and A an Azumaya i?-algebra. 

Lemma A.l. If R is Noetherian, A is left and right Noetherian. 

Proof. Indeed, ^ is a Noetherian i?-module, hence a Noetherian A-module (on the 
left and on the right). □ 
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Lemma A. 2. For an A — A-himodule M, let 

= {me M \ ain = ma.} 

Then the functor M i— »• is exact and sends injective A— A-bimodules to injective 
R-modules. 

Proof. Let A^ = A A°p be the enveloping algebra of A. We may view M as a 
left A^-module. A special A — j4-biniodule is A itself, and we clearly have 

= HomAe(A, M). 

Since A is an Azumaya algebra, the map A'^ End/f (^) is an isomorphism of 
i?-algebras; via this isomorphism, Hom^e (A, M) may be canonically identified with 
^* <8>EndR(A) M, with A* = }iomu{A,R). Hence is the transform of M under 
the Morita functor from Endi^(A)-modules to i?- modules; since this functor is an 
equivalence of categories, it is exact and preserves injectives. □ 

Proposition A. 3. For any two left A-modules M, N and any q>0, we have 

Ext^(M, N) ~ Ext«j(M, 7V)^. 

(Note that Ext^ (M,iV) is naturally an A — A-himodule, which gives a meaning to 
the statement.) 

Proof. The bifunctor (M, N) 'Rom a{M, N) is clearly the composition of the two 
functors 

(M, N) ^ Homfl(M, N) 
(from left ^-modules to A — A-bimodules) and 

(from A — A-bimodulcs to i?-modules). Note also that, if P is A-projective and 
/ is A-injcctivc, then Hovan^P, I) is an injective A — A-bimodule. The conclusion 
therefore follows from lemma A.l. □ 

Corollary A. 4. Let M he a left A-module. Then M is A-projective if and only if 
it is R-projective. 

Proof. If M is A-projective, it is i?-projective since A is a projective ii-module. 
The converse follows from proposition A. 3. □ 

Corollary A. 5. Suppose R regular of dimension d. Then any finitely generated 
left A-module M has a left resolution of length < d by finitely generated projective 
A-modules. In particular, A is regular. 

Proof. Since R is regular, it is Nocthcrian and so is A by lemma A.l. Proposi- 
tion A. 3 also shows that Ext^^^(M, A^) = for any N. The conclusion is now 
classical [7, Ch. VI, Prop. 2.1 and Ch. V, Prop. 1.3]. □ 
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Appendix B. Regularity 

We prove the main result on the regularity of the functor K{—; A) that we need 
to compute the layers in the homotopy coniveau tower for G(X; A) in section 4. 

Fix a noetherian commutative ring R. We let i?-alg denote the category of 
commutative i?-algebras which are localizations of finitely generated commutative 
i?-algebras. 

Following Bass [3, Ch. XII, §7, pp. 657-658], for an additive functor F : i?-alg — > 
Ab, we let NF : .R-alg Ab be the functor 

NF{A) :=kei:{FiA[t])^F{A[t]/m 

where A[t\ is the polynomial algebra over A. We set N'^F := N{N''~^F); F is 
called regular if N'^F = for all q > (cquivalcntly, if NF = 0). 

For / G A the morphism A[X] — > i-^ f ■ X induces a group endo- 

morphism NF{A) NF{A). So NF{A) becomes a Z[T] module. We denote 

by NF{A)[f] the Z[T,T-i] modulo Z[T,T-'^] 0^t] NF{A). With these notations 
Vorst proves the following theorem in [42]. 

Theorem B.l. Let A G R-alg and let ai, . . . ,a„ be elements of A which generate 
the unit ideal. Suppose further that the map 

ArF(i?[T]„,^,...,„^,...,„,J[„..] - NF{A[Tl,^_^,J 

is an isomorphism, for each set of indexes 1 < io < ■ ■ ■ < ip < n. Then the 
canonical morphism 

n 

e:NF{A)^^NF{Aa,) 

is injective. 

Proof Compare [42, Theorem 1.2] or [22, Lemma 1.1]. □ 

This is extended by van der Kallen, in the case of the functor A Kn{A), to 
prove an etale descent result, namely. 

Theorem B.2. Let A be a noetherian commutative ring such that each zero-divisor 
of A is contained in a minimal prime ideal of A. Let A ^ B be an etale and 
faithfully flat extension of A. Then the Amitsur complex 

^ N'iKr.iA) ^ N^KniB) ^ NiKn{B B) ^ . . . 

is exact for each q and n. 

In fact, one can abstract van der Kallen's argument to give conditions on a func- 
tor F : iJ-alg — » Ab as above so that the conclusion of theorem B.2 holds for the 
Amitsur complex for NF. For this, we recall the big Witt vectors W{A) of a com- 
mutative ring A, with the canonical surjcction T''K(v4) A and the multiplicative 
Teichmiiller lifting A W{A) sending a £ A to [a] G W{A). We have as well the 
Witt vectors of length n, with surjection W{A) W„(A); we let F'"W{A) c W{A) 
be the kernel. If M is a W^(A)-module, we say M is a continuous W{A) module if 
M is a union of the submodules M„ killed by F^W{A). Then one has 

Theorem B.3. Let F : R-alg Ab be a functor. Suppose that F satisfies: 

(1) Given a € A G R-alg, the natural map F(Aa) F(y4.)|-(j] is an isomor- 
phism. 
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(2) Sending a E A to the endomorphism [a] : NF{A) — > NF{A) extends to 
a continuous W{A)-module structure on NF{A), natural in A, with the 
Teichmuller lifting [a] G W{A) acting by [a] : NF{A) NF{A). 

(3) F commutes with filtered direct limits 

Let A e R-alg he such that each zero-divisor of A is contained in a minimal prime 
ideal of A. Let A ^ B he an etale and faithfully flat extension of A. Then the 

Amitsur complex 

NF{A) NF{B) NF{B ®a B) NF{B ®aB®aB) ^ ... 
is exact. 

The main example of interest for us is the following: Let ^ be a noetherian 
central ii-algebra, and let Kn{A) be the nth i^-group of the category of finitely 
generated projective (left) ^-modules. 

Corollary B.4. Let F : R-alg Ab he the functor 

F{A) -mK.^iA^R A). 

Then F satisfies the conditions of theorem B.3, hence (assuming A satisfies the 
hypothesis on zero-divisors) if A^ B is an etale and faithfully flat extension of A, 
then the Amitsur complex 

^ N^K^iA ®R A) ^ mK^{A ®R B) ^ N^Kr^iA ®rB®aB)^ ... 

is exact. 

Proof. Weibel [46] has shown that N''Kn{A) admits a W^(A)-module structure, 
satisfying the conditions (1) and (2) of theorem B.3. Since ii'-theory commutes 
with filtered direct limits, this proves that the given F satisfies the conditions of 
theorem B.3, whence the result. □ 

Now let X be an i?-scheme and let .A be a sheaf of Azumaya algebras over 
Ox- We have the category Vx;A of left .A- Modules £ which are locally free as 
Ox-Modules. We let K{X] A) denote the if-theory spectrum of Vx;A- We extend 
K{X\ A) to a spectrum which is (possibly) not (— l)-connected by taking the Bass 
delooping, and denote this spectrum by KB{X; A). For / : F — > X an X-scheme, 
we write K{Y;A) for K{Y;f*A), and similarly for KB. 

The spectra KB{X; A) have the following properties: 

(1) There is a canonical map K{X;A) KB{X; A), identifying K{X;A) with 
is the -1-connected cover of KB{X; A). 

(2) There is the natural exact sequence 

^ KBp{X; A) KBp{X x A^; A) KBp{X xA^;A) 

^ KBp{X X Grn-, A) KBp_x{X- A)^Q 

called the fundamental exact sequence. 

(3) If X is regular, then K{X;A) KB{X;A) is a weak equivalence. 

Prom now on, we will drop the notation KB{X;A) and write K{X;A) for the 
(possibly) non-connected version. 

Proposition B.5. Let X he a noetherian ajjine R-scheme such that Ox has no 
nilpotent elements, and let p : Y ^ X he an etale cover. Let A he a sheaf of 
Azumaya algebras over Ox- For each point y £ Y, let Yy := Spec OY,y and let 
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Py : Yy ^ X he the map induced by p. Fix and integer q > I. Suppose there is an 
M such that, for each smooth affine k-scheme T, N''Kii{T Xk Yy, [py op2)*A) = 
for each y & Y and each n < M. Then N'^KniT X;^) = for each smooth 
affine T and each n < M. 

Proof Write X = Spec A. Then UP*y ■ ^ ^ B := JJ^ Oy^y is faithfully flat and 

etale. Since X is afRne, A is the sheaf associated to a central A-algebra A and since 

A is a sheaf of Azumaya algebras, each finitely generated projective left A module is 
finitely generated and projective as an A-module. Thus N'^Kn{X, A) — N'^Kn{A). 
Similarly, N'>Kn{Yy,p*yA) = N'}Kn{p*yA). By corollary B.4, N'^K^A) = for 
n > 0. The same argiiment, with T x X replacing X and T x Yy replacing Yy, 
proves the result for M > n > and all T. To handle the cases n < 0, use the Bass 
fundamental sequence and descending induction starting with n = 0. □ 
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